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Abstract

We investigate the cosmological implications and black hole thermodynamics employing
the non-perturbative Functional Renormalization Group (FRG) approach in asymptotic
safe gravity. Over the past few years, the functional renormalization group approach has
offered a promising framework for creating a consistent and predictive quantum theory
for gravitational interaction across all energy scales. The existence of an ultraviolet
fixed point in the renormalisation group flow makes the theory asymptotically secure. In
chapter 2, we briefly review the FRG techniques using the key object of modern FRG, the
scale dependent effective average action. The functional renormalization group equation
(FRGE) governs the evolution of gravitational action with the RG energy scale. This
chapter provides a general framework for calculating the running cosmological constant
and Newton’s gravitational constant for the Einstein-Hilbert truncation solving the flow
equations.

In the following two chapters, we have investigated the cosmological implications for
Bianchi-I universe and FLRW universe taking into account quantum gravitational cor-
rection in the above mentioned formalism of the exact renormalization group flow of
the effective average action for gravity. In chapter 3, we obtain the quantum corrected
scale factors in different directions improving the Einstein equations for the Bianchi-I
model with the scale dependent G' and A in the consistency approach where the covariant
conservation of the energy momentum tensor is used along with the covariant conservation
of the right hand side of Einstein equation. It is shown that the scale factors eventually
evolve into FLRW universe for known matter like radiation. However, for dust and stiff

matter we find that the universe need not evolve to the FLRW cosmology in general,
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but can also show Kasner type behaviour for stiff matter. In chapter 4, the effect of the
scale dependency on the FLRW universe accounting quantum gravitational correction is
then discussed. In particular, we look at how the scale factor changes over time when
using different infrared cut-off scales in the context of a modified continuity equation
approach where unlike the consistency equation approach, it only requires the covariant
conservation of the right hand side of the Einstein equation. The main observation made
here is that different cut-off identifications results in different late time cosmologies.

In chapter 5, we have investigated thermodynamical properties and studied their evapora-
tion process in detail improving the Schwarzschild geometry with the quantum corrected
running gravitational constant identifying G(r) = G(k = k(r)). Here we investigate the
phase transition for the quantum corrected Schwarzschild black hole maintained in a
concentric spherical cavity and found it never undergoes Hawking-Page phase transition
because the black hole state always prevails for all temperatures. It contrasts sharply
with the normal Schwarzschild black hole scenario that is enclosed in a cavity, where the
Hawking-Page phase transition takes place.

Finally in chapter 6, we have investigated the phenomenon of acceleration radiation
exhibited by an atom falling into a quantum corrected Schwarzschild black hole. We
have observed that the excitation-probability of the atom with simultaneous emission
of a photon satisfies the equivalence principle when we compare it to the excitation
probability of a mirror accelerating with respect to an atom. Then we have calculated the
horizon brightened acceleration radiation (HBAR) entropy for this quantum corrected
black hole geometry. We observed that the HBAR entropy has the form identical to
that of Bekenstein-Hawking black hole entropy along with universal quantum gravity

corrections.
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Chapter 1

Introduction and Overview

General relativity is extremely successful as the theory of low energy, long distance
gravitational interactions. The detection of gravitational waves from colliding black holes
and neutron stars is in agreement with general relativistic predictions at an extraordinary
level of instrumental precision, as are observations of the dynamics of binary pulsars,
transfer of time measurements to atomic clocks in satellites of the Global Positioning
System (GPS), and many other observations in the solar system as well as of astronomical
objects (for a review of tests of general relativity and the agreement between theory and
experiment, see [1, 2]). However, the presence of black hole singularities where matter
is crushed by gravitational tidal forces as it falls into the black hole’s centre signify
the impossibility to determine how spacetime evolves beyond these singularities. The
classical explanation of gravity in the setting of General Relativity fails at small scales
because of these singularities [3]. A complete theory of quantum gravity is anticipated to
be necessary in order to eliminate the unphysical divergences and restore predictability.
The event horizon, however, prevents the breakdown of classical theory for an observer
who is outside the black hole. As a result, the loss of information is censored by the
event horizon, so the outside observer can only describe the black hole using a finite set
of parameters. It is believed that a quantum theory of gravity would shed light on the
regime beyond the event horizon.

Beyond pure classical gravity, there is also the semi-classical approach, which considers



gravity as a classical theory while quantizing the other interactions of matter fields. Serious
implications for black hole thermodynamics result from this approach. In particular, our
comprehension of general relativity and its connection to quantum field theory has been
significantly changed by the astonishing finding that black holes act like thermodynamic
objects. In the early 1970s, Bekenstein [4, 5] and Hawking [6, 7] demonstrated that black

holes radiate as black bodies with a characteristic temperature and entropy

hk A

T = = 1.1
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where k and A are the surface gravity and area of the horizon respectively. These
findings indicate that black hole thermodynamics should be investigated in the context
of quantum gravity since both Planck’s constant A and Newton’s gravitational constant
Gy appear in the expression of entropy. Another clue comes from the information loss
paradox, which says that a black hole initially created by the collapse of matter in a
pure quantum state seems to not contain any information of the initial matter when
observed by a distant observer as Hawking radiation. Since it would go against the
unitarity of evolution, it is forbidden by standard quantum physics. What will happen to
the information paradox if there are real quantum-gravitational effects? It is an obvious
question to raise.

The three fundamental interactions of nature, namely electromagnetism and the strong
and weak nuclear forces, are successfully described by quantum theory. These interactions
are defined as gauge theories within the context of quantum field theory (QFT). There
are many formal similarities between general relativity and non-Abelian gauge theories,
starting from the fact that both are field theories based on local symmetries (see e.g. [8-
12]) . Unlike non-Abelian gauge theories however, no consistent quantization of general
relativity is known. The gravitational coupling is the dimensionful Newton’s constant
Gy ~ M%%l , while for gauge theories the coupling constants are dimensionless. So at each
loop order in perturbative quantum gravity, the ultraviolet divergence is worse than in

gauge theories by two powers of loop momentum. As a result, the number of distinct



counterterms required to renormalize quantum gravity can be expected to be infinite,
whereas the number of counterterms for a perturbatively renormalizable quantum gauge
theory is finite.

The failure of perturbative methods to consistently quantize gravity does not however
mean that a quantum theory of gravity cannot exist. It is possible for example that
nonperturbative approaches such as loop quantum gravity [13, 14] may lead to a consistent
quantum theory, or that by embedding gravity in a bigger theory such as supergravity [15,
16] or string theory [17-19] it may be possible to find a consistent quantum description
of gravitation in four spacetime dimensions. Another possibility is that general relativity
cannot be quantized but emerges as an effective field theory at low energies, thus including
all possible diffeomorphism-invariant local functions of the metric which are not ruled
out by other symmetries [20-22].

Yet another approach is to assume that the quantum theory which describes gravity in
four dimensions is an “asymptotically safe” theory, i.e. the essential couplings of the
theory hit a fixed point as the scale at which they are calculated is taken to infinity [23].
What this means is the following. Among all the couplings of the theory there are some
“inessential couplings” Z for which %g is either zero or a total derivative when the
field equations are satisfied. An example is the wave function renormalization constant,
which can be eliminated by redefining the fields. The remaining coupling constants are
the essential couplings, which will flow with an external parameter k which has the
dimensions of mass. The meaning of this k£ depends on physics of the problem — it can
be the momentum transfer in a scattering problem, or the inverse of some length scale
specific to the problem. If the essential couplings g; are dimensionful, we make them
dimensionless by multiplying with suitable powers of k. Then the k-dependence of the

dg;
essential couplings g; are characterized by the (;(g) = k di

, called the S-functions. In
general the S-function for any of the g; will depend on all of the essential couplings. The
[B-functions of any theory describe a trajectory on the space of coupling constants. If a
theory has a fixed point g* in the space of all the g; , the beta functions must vanish at that
point, and also the trajectory for the theory must hit the point g*. The trajectories which



hit the fixed point form a hypersurface called the “critical surface”, and asymptotically
safe theories are defined to be those for which the couplings lie on the critical surface
of a fixed point. Many non-Abelian gauge theories have ultraviolet fixed points where
the gauge coupling vanishes, making the theory asymptotically free [24, 25]. For gravity,
several calculations based on truncated exact Functional Renormalization Group (FRG)
Equations support the conjecture that there is an interacting fixed point or Non-Gaussian
fixed point (NGFP) in the ultraviolet regime [26-34]. Support for the conjecture also
comes from calculations for gravity with matter or a cosmological constant [35-41]. The
existence of an interacting UV fixed point implies there is an asymptotically safe quantum
theory of gravity. Thus, the Asymptotic Safety conjecture can be summed up as follows:
in the theory space of diffeomorphism invariant metric, gravity is a finite and predictive
quantum field theory whose continuum limit is controlled by a finite-dimensional critical
surface. So, if gravity were to be quantized, the result would be a (non-pertubatively)
renormalizable quantum theory, whose high-energy completeness is specified by an NGFP.
The corresponding quantum theory for asymptotic safety scenario is frequently referred
as Quantum Einstein Gravity (QEG).

This doctoral dissertation focuses on two distinctively important aspects employing the
(non-perturbative) Functional Renormalization Group (FRG) approach in asymptotic
safe gravity. Firstly, we will explore cosmological implications of Asymptotic Safety and
formulate predictions that may be tested against observations [42-44]. Secondly, we will
assess the impact of the leading quantum gravity corrections on the properties of black
hole thermodynamics within the framework of quantum Einstein gravity [45, 46].

In the FRG approach, the effective low energy theory is determined by solving an exact
functional renormalization group (RG) flow equation and depends on a momentum shell
parameter k. This results in the running of the coupling constants in the theory. The
theory that comes from this formulation has its bare action corresponding to a non-trivial
fixed point of the RG flow. When the approach is applied to gravity, a scale-dependent
RG equation is derived by including all possible diffeomorphism invariant local functions

of the metric [26, 33, 47-49]. This results in a running Newton’s constant as well as



running cosmological constant. Einstein equation is then “improved” by replacing the
Newton’s constant and cosmological constant by their scale-dependent versions. In the
context of cosmology, this scale may be taken to be a function only of the cosmological
time, so the running constants become time-dependent. However, the notion that the
gravitational couplings could be affected by cosmic time and that this time-dependence
might have consequences for cosmology is not new. In the context of RG-improved
cosmologies this time-dependence emerges from the RG running of the gravitational
couplings [50-62]. Here, we have investigated some of the main cosmological implications
for Bianchi type-I metric and Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in
functional renormalization group approach.

It is generally accepted that a semi-classical explanation of the formation and decay
of black holes hold true as long as curvature effects remain small and the black hole
mass is large compared to the Planck scale. The standard semi-classical scenario also
states that a black hole with mass M emits Hawking radiation at a temperature that
is inversely proportional to M. A number of unusual physical events, such as breaches
of the conservation of baryon and lepton numbers or the "information paradox," could
take place in the event of a full evaporation of a black hole [63]. In a coherent theory of
quantum gravity, the issues of this kind should undoubtedly be addressed. For that, in
the second part of my thesis, we have tried to understand the quantum gravitational
effects in black hole thermodynamics in spherically symmetric black hole spacetimes using
the renormalization group improvement method in asymptotic safe gravity framework,
as it can clarify our understanding of the eventual fate of an evaporating black hole, in
turns the famous "information paradox".

As we have already seen, black hole thermodynamics provides a coherent framework
that unites the fundamental relationships between gravitation, quantum theory, and
thermodynamics. After Bekenstein-Hawking entropy [4, 5] and Hawking radiation [6, 7],
the thermal behaviour in accelerated systems discovered by Unruh, Davies, and Fulling
[64—68] has been significant in helping us comprehend the thermodynamic framework

that links black hole thermodynamics to acceleration radiation. One way to understand



acceleration radiation is to consider how an accelerating atom in its ground state moving
through the Minkowski vacuum would go to an excited state by absorbing Rindler particles
[64], which would then be perceived by an inertial observer as the emission of Minkowski
particles [65], or acceleration radiation. In that connection, it was demonstrated that
another approach to understand Unruh acceleration radiation involves virtual processes
in which atoms jump to an excited state while emitting a photon [69, 70]. However, we
may make the virtual photons real by breaking and interrupting the virtual processes
that are occurring all around us. The use of quantum optics to mimic the accelerated
detector by a two-state atom is a relatively recent advancement in our understanding of
the Unruh effect. Recent research has demonstrated that thermal radiation is experienced
by an atom that is freely falling through the Boulware vacuum of a Schwarzschild black
hole [71]. This appears to go against the equivalence principle at first look because the
freely falling atom is in a locally inertial frame. However, it is the relative acceleration
between the field modes and the freely falling atom produces the acceleration radiation.
Moreover, under the right initial conditions, this acceleration radiation for atoms freely
falling towards a black hole appears very similar to Hawking BH radiation to a distant
observer. But the physics is completely different. In this case, the radiation is generated
by the freely falling atoms cloud in Boulware Vacua, whereas Hawking radiation doesn’t
need any more matter. To distinguish it from the Bekenstein and Hawking BH entropy,
this entropy is referred to as horizon brightened acceleration radiation (HBAR) entropy.
Through this illustration of HBAR entropy flux, the existence of universal thermodynamic
relations that are inherent to the black hole is made clear. The Einstein principle of
the equivalent nature of gravity and acceleration in a small enough region of spacetime
is also clarified by this analysis. It is necessary to investigate the equivalence principle
for Hawking radiation or Unruh radiation as the quantum effects of this radiation has
some inherent nonlocality [72]. Now, our objective is to investigate the status of the
equivalence principle and HBAR entropy when an atom enters a renormalization group
"improved" black hole spacetime by including pure quantum gravitational corrections

in the setting of asymptotic safe gravity. More specifically, we seek to identify any



quantum gravity corrections in the HBAR entropy and determine if they share the same
logarithmic properties as the Bekenstein-Hawking entropy’s corrections. For this study,
the entire sixth chapter of my thesis is devoted.

As mentioned above, the central theme of the thesis is to study some applications of
functional renormalization group in cosmology and the black hole thermodynamics. We
explore how quantum gravitational corrections have consequences in various physical

systems. The outline of this thesis is as follows.

o Chapter 2: In this chapter, we present a review of the fundamental idea of the
Effective Average Action and specifically discuss the Functional Renormalization
Group (RG) Equation it generates. We first select the most basic configuration
feasible, a scalar field theory on a non-dynamical, flat Euclidean space, to minimise
unneeded technological complexities. We then move on to focus on the non-
perturbative functional renormalization group technique for deriving the flow
equation in the context of gravity. After that, we investigate the solutions of the
flow equations for Newton’s constant G and cosmological constant A at next to
leading order in the infrared cutoff scale. A brief review is also provided for the
solution of Newton’s constant by letting the dimensionless cosmological constant

A~ 0.

o Chapter 3: By accounting the quantum gravitational corrections in the formalism
of the exact renormalization group flow of the effective average action for gravity,
this chapter validates the investigation of the anisotropic Bianchi type-I cosmological
model in late times. The cosmological evolution equations are derived by including
the scale dependence of Newton’s constant G and cosmological constant A. Using
these scale dependent G and A in Einstein equations for the Bianchi-I model, we
then investigate the scale factors in different directions to demonstrate how the
quantum corrections affect Bianchi-I universe. This chapter is based on our work

[42, 43).



o Chapter 4: In this chapter, we go through the detailed study of FLRW cosmology
in functional group approach based on our work [44]. We investigate the quantum
corrected scale factor, energy density, and entropy production at late times, taking
different choices of cut-off functions. This approach is in line with previous studies
which involve the running Newton constant G(k) in the definition of energy-
momentum tensor, and then imposing the covariant conservation identity of the
Einstein tensor. The quantum corrections obtained in this approach are different
from what are found by letting the conservation equation remain the same as for a

scale-independent Newton constant.

o Chapter 5: In this chapter, we have investigated the black hole thermodynamics
and the phase transition for renormalized group improved asymptotically safe
Schwarzschild black hole geometry (based on [45]). This geometry takes into
account the quantum gravitational correction in the running gravitational constant
identifying G(r) = G(k = k(r)). We study various thermodynamic quantity like
the Hawking temperature, specific heat and entropy for the general parameter
v for quantum corrected Schwarzschild metric. We further investigate the local
temperature, thermal stability of the black hole and the free energy considering a
cavity enclosing the black hole. We also examine the final state of the quantum
corrected black hole calculating the mass evaporation with time. It can give us a

possible hint to understand the information loss paradox.

o Chapter 6: Here, we investigate the phenomenon of acceleration radiation exhib-
ited by an atom falling into a quantum corrected Schwarzschild black hole. We have
carried out calculation for the horizon brightened acceleration radiation (HBAR)
entropy for this quantum corrected black hole geometry. We observe that the
HBAR entropy has the form identical to that of Bekenstein-Hawking black hole
entropy along with universal quantum gravity corrections. This chapter is based

on our work published in Physical Review D [46].

o Chapter 7: Here, we conclude and summarize our thesis.



Chapter 2

The Functional Renormalization

Group

The idea of the Renormalization Group (RG) has influenced the two fundamental branches
of modern physics, namely, statistical mechanics and quantum field theory. Renormal-
ization was first discussed in relation to quantum electrodynamics as a mathematical
tool to resolve the unphysical ultraviolet divergences coming from loop to the transition
amplitude. When a finite number of renormalized coupling constants are used to absorb
these divergences replacing the bare couplings, a new effective theory is produced, whose
coupling constants vary depending on the energy scale at which they are measured. In
instance, the first Renormalization Group equation for quantum electrodynamics was
developed in 1954 by Gell-Mann and Low explaining how the electric charge changes
with the energy scale [73]. It actually closes the gap between the micro and macro scales
by treating changes gradually from one scale to the next. In 1966, Kadanoff put out a
plausible explanation for the critical phenomena to the discrete block spin RG in con-
densed matter physics which demonstrates how various physical systems behave similarly
close to the critical point [74]. The development of the Renormalization Group theory
was driven by this idea. The fundamental idea underlying the RG is the application of a
coarse graining technique by averaging over fluctuations at short distance scales in order

to immediately derive a description at longer distances from the microscopic principles.
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After 1970s, the modern formulation of the Renormalization Group was created as a
result of Wilson’s [75, 76], as well as Kadanoff, and Fisher’s [77, 78] development of a
set of non-perturbative methods to examine the role of fluctuations in both quantum
and thermal field theories. One of them, the non-perturbative functional RG method,
enables research into the strongly-interacting regimes that characterise physics far from
the Gaussian fixed point (GFP). In particular, Wilson and Kogut proposed in a paper
[79] published in 1974 that the high-energy completion of a Quantum Field Theory can
be defined if a fixed point attracts the renormalization group flow in the ultraviolet
(UV) limit. For gravity, Winberg proposed that UV completion is possible if there is a
non-trivial fixed point that protects the system from UV divergences [80]. This framework
is known as asymptotically safe gravity theory.

The crucial tool of the functional RG is the flow equation which determines the evolu-
tion of the generating functional. It connects the macroscopic quantity integrating out
the fluctuation with the microscopic physics. As a result, solving the flow equation is
equivalent to solving the entire theory.

Field theories with gauge symmetry are especially important because they describe all
elementary particle-physics interactions and gravity. A thorough understanding of gauge
theories thus necessitates the use of a variety of field theoretical methods. First, Wettrich
developed a functional method for scalar field theory that includes the Effective Average
Action (EAA) as a key component. A Functional Renormalization Group Equation
(FRGE) for scalar field theories has been derived, which is known as the Wetterich
equation [81, 82]. The eventual generalisation of the EAA formalism to gauge theories
[83] ignited interest in the possibility of discovering a NGFP. M. Reuter developed an
exact equation describing the renormalization group flow of gravitational interaction in
1996 [26]. In particular, for gravity treating the metric fluctuations gradually from scale
to scale rather than all at once, the search for non Gaussian fixed point (NGFP) has
been reported in various different works including the Einstein-Hilbert approximation
29, 47, 84], with various matter fields [85-89], with running couplings in the ghost sector
(90, 91], from Weyl invariant flows [92], in F(R) gravity [93-95], in approximations with



2.1 Functional RG approach to QFT 11

higher derivatives [48, 96-98] and many.
In this chapter, we shall review the functional RG techniques with EAA formalism for
scalar field theories. The EAA formalism will next be applied to the situation of quantum

gravity, with a summary of the fundamental findings made by Reuter in [26, 99].

2.1 Functional RG approach to QFT

2.1.1 Standard effective action in QFT

In this subsection, we review the effective average action formalism in the functional
renormalization group approach to quantum field theory following articles [100, 101].
There have also been several literary works that have made reference to the comprehensive
research of effective average action formalism in functional RG [102-104]. We will first
start by considering the real scalar field theory in flat Euclidean space-time without
any gauge symmetries. In quantum field theory (QFT), the key object is the n-point
correlation functions which are defined by the weighted averages of the product of n
fields at different space-time points over all possible field configurations

) o(z2)0(x3)...0(x,)e 5!
(plon)olaz)elan).o(on) = [PEAAIATADICZ gy

The above correlation function is weighted with an exponential of the action S[p] for
every field configuration. These n-point functions can be easily derivable by defining the

generating functional Z[J] which is functional of the external source .J
Z[J] = "V = / DypeSlel+re (2.2)

where J.o = [d%J(z).o(z) and the dot denotes the Euclidean space integral. Now all

n-point functions are obtained as a functional derivative of Z[J] with respect to the
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source term J

(pteeleotenston = (550 o) 23)

Another generating functional W[J] of all connected correlation functions satisfying
W{[J| = In Z[J] in Euclidean space, have been also introduced in eq.(2.2). A third kind
of generating functional, I' [¢] which is known as the the standard effective action, is

obtained by Legendre transformation of W[J]

Dlo] = sup [ dlad(@)ofx) —WLI]) (2.4)

The effective action, I' [¢] is the functional of the field expectation value ¢(x) = (p(x));, =

SWJ]
0J(x)

of J is used to take the RHS of (2.4) at J = Jy,[¢], making the resultant action a

in presence of the source term J. Here, sup; means that the supremum value

functional of the field. The functional I generates all the one-particle irreducible diagram
by functional differentiation with respect to ¢(x). The quantum equation of motion for

¢ can be derived taking the functional derivative of I' [¢] with respect to ¢(x)

=J(z) . (2.5)

This equation of motion captures all the effects of quantum fluctuations and governs
the dynamics of the field expectation value ¢(x). Substituting W[J] from eq.(2.4) in eq.
(2.2), that is, in equation Z[J] = e"V], the effective action can be given in a functional

integral representation as

e Tl = /DX exp {—S[qf) +x] + 52?}(} (2.6)

where the shift in integration variable is defined as ¢ = ¢+ x. The fluctuations y around
the background field ¢ is treated as perturbation for obtaining Dyson-Schwinger equation

by a vertex expansion of I'[¢].
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2.1.2 Effective average action (EAA)

The effective average action, I'y[¢], is the generalization of the effective action I'[¢] which
has built-in Infrared (IR) cutoff at k. The effective average action, I'; plays the role of
coarse grained free energy in the coarse gaining length k=1 in statistical physics. This IR
scale uses to identify fluctuations with momenta p? > k? which are included in the I'j.
The more and more fluctuations should be included in the effective action successively if
we lower k step by step. This results to explore the theory in larger length scales. By
construction, the effective action interpolates between the ordinary effective action, I'y at
k = 0 where all the fluctuations are included and the microscopic or classical action S

for very large energy scale k — A

Tion ~ S, Tiso=Tol¢]. (2.7)

Here no fluctuations are effectively included when the IR cutoff k goes to the physical
ultraviolet cutoff A.
Now the generating functional for the connected correlation function in the presence of

an IR cutoff can be written in the path integral formalism

WilJ] = In Zy[J] = In / Dy ¢ Slel-ASilel e (2.8)
where
1 2
ASile] = 59 Ri(=0%). (2.9)

is a regulator term which is quadratic in ¢. The IR cutoff function, Ry can be regarded as
a momentum dependent mass term. This R must satisfy two conditions in momentum

space as

Rk(pg) =k for p* <k, Rk(pg) =0 for p>>k*. (2.10)
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The IR cutoff function, R, suppresses all the fluctuations with momentum p? < k% in a
mass like fashion. On the other hand, the IR cutoff function, R vanishes for p? > k2,
so that all the fluctuations above k are included in the effective average action I'y.

The scale dependent expectation value of ¢, that is, ¢ can be written from eq.(2.8) due

to the presece of IR cutoff function

¢ =(p) = : (2.11)

It should be noted that the microscopic field ¢ and the source term J are scale dependent,
so that ¢ = ¢,[J] and therefore J = Ji[¢].

Next, the Legendre transformation of Wy is defined as

L[] = sup ( [ dteat)o) - Wk[J]) . (2.12)

The scale dependent effective average action (EAA), T'x[¢] is obtained subtracting the IR
regulator term ASk[¢],

Iy[g] = Di[o] — iqb.Rk(—@Q).qb : (2.13)

The reason behind the substruction of AS,[¢] is that the functional T'x[¢] does not possess
the correct asymptotic behaviour in the limit & — oco. Now, it can be seen that the
effective average action, I, reach at the standard effective action I'[¢] given in (2.7) in
the limit & — 0 since the cutoff function R, vanishes for all the p? modes in this limit.
To show the UV limit, we differentiate the EAA with respect to the scale dependent

average field and recover the identity

= J(2) — (Ri-0)(x) . (2.14)

Shifting the integration variable to the fluctuation field y around the the coarse gained

field as x = ¢(z) — ¢(x), the expression for the EAA, I'y can be obtained using the same
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procedure for the standard effective action as described before in (2.6)

X — =X-Ri.x (2.15)

e~ Tkldl — /DX exp {—S &+ x] + 61;kq£¢] ; } :
The term exp {—%X-Rk- X} behaves as a delta functional §[x], since the regulator term
Ry, diverges in the UV limit k% — oco. Thus, the effective average function, I';, satisfies
I’y &= S described in (2.7) in the UV limit, as it yields exp {—S[¢|} on the right hand
side of eq.(2.15) performing the integral over x. In short, the effective average action
['x[¢] enables us to connect between the macroscopic physics explained by the effective

action I'[¢] including all quantum fluctuations in the effective action and the microscopic

physics represented by the bare action S.

2.1.3 The Wetterich equation

To calculate the effective action, one can follow two approaches. One approach leads to
Dyson-Schwinger equation computing I'[¢] term by term in a vertex expansion. Here all
the fluctuations are integrated out at once. Another approach involves the Wilson’s idea
of integrating out quantum fluctuations of momentum shell at a time. Here the scale
dependent effective average action I'y depends on the coarse gained scale k£ and follows
the exact non-perturbative functional renormalization group equation (FRGE) or flow

equation. The dependence of I'y, on the scale k is described by

0 1 2) -1 0
b Tild] = 5Tr [(Fk + Ry) kakR’“l (2.16)

where the inverse average propagator or Hessian 1",5:2) is given by the second functional

derivative with respect to the expectation value of field

5Ty,

o),
e (09) = Soisety)

(2.17)
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Here the trace involves an integration over momentum or coordinates and the cutoff
operator has matrix element Ry, (z,y) = Ry (—0%) 0 (x — y).
To derive the exact flow equation (2.16), one can start by taking the scale derivative of

['k[¢] at constant field, stated by (2.12)

i == (G2

—/ddx ‘W’“ a‘] /dd ) L (218)

J

The last two terms of the above equation cancel each other as ¢(z) = ‘ng For fixed

J, that is for the scale independent .J, the k-derivative is obtained from the functional

integral (2.8)

(o

Z_1 0
k /1dx/ ]d’y/ (x) k k(x,y) (y)e_s[zo]—ASk[go]+J.tp
J 6

_ ——/dd /dd aakRk(:c y) - (2.19)

Here the contribution comes only from ASi[p] term as Ry depends on the scale k.

Substituting (2.19) in eq.(2.18), the scale dependence of T'j can be written as

byl = 1 [ ata [ aty { ;’kwx G 12) + 0(0) 3 R )

In the above equation, we have used the connected two-point function defined as

Gula1) = 5 = (Ple)el) = (pla) (elo)) (2.21)

As the relation between ¢ and J was invertible, one can anticipate the source as a

functional of the field J = J[¢] such that

/ddka(x,y)6 ) =d(x—2) . (2.22)
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Now using eq.(2.14), one can easily deduce that

dp(y)  b(y)dg(x)

+ Ri(z,y) - (2.23)

Substituting the above equation in eq.(2.22), we can easily obtained the connected

propagator by the inverse continuous matrix as

82T,
00

Gu(z,y) = l +Rk] h (z,y) . (2.24)

Now, to obtain the flow equation (2.16) at constant field, one can just evaluate the scale

derivative of the flowing action k provided by (2.13) with (2.12)

0 0 -~ 0
k‘%rk[ﬁb] = k‘%Fk[cb] - k%ASk
1 0
_ 1 (2) -1, 0
=T [(Fk + Ry kakm] . (2.25)

The second line is obtained substituting eq.(2.20) in place of a%fk[gb] in the first line of
the above equation. This equation is also known as the Wetterich equation. Despite the
fact that we have only obtained the equation for a conventional scalar field, it can be

applied to fermions, gauge theories, and gravity.

2.2 RG equation for gravity

2.2.1 EAA for gravity

In this section we briefly review the effective average action formalism for Euclidean
quantum gravity in d dimensions developed in [26]. The analysis is based on an (Euclidean)
“effective average action” I'y[g,,] defined such that it correctly describes all gravitational
phenomena, including the effect of all loops, at a momentum scale k. Even though the

quantum effective action contains all the information about the quantum theory, it turns
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out that it is more convenient to work with an alternative functional called the effective
average action [26, 29, 38, 95, 99, 105-108], which is calculated like the effective action
but with an infrared cutoff at the scale k. Modes with p? < k? are excluded while those
with p? > k? are integrated out in the usual way. The classical action S corresponds to
ignoring all quantum modes, while the usual effective action I' corresponds to removing
the IR cutoff, so I'y interpolates between S = I'y_,o and I' = I'y—y. Then as a function
of k this 'y, describes a trajectory which satisfies a renormalization group flow equation.

The flow equation then reads

— 1 — — ravi—1\ ! rav[—
koLilg. 9] = 5T [(Fv T09,9) + RT™(g))  kOWR], [g]]

=T |(~Mlgg + RE) T RORLGG)] - (2:26)

We have also defined x = (327G) ™2 , where G is the value of G(k) as k — oo. The first
trace on the right-hand side of the equation is defined due to the expectation value of
metric fluctuations, h,, = <}AZW,>, and the second one comes from the Faddeev-Popov

ghost. Here the equation is written down in terms of

Tklg. 90 =T7 g, 9] + Serlg — ;9

=T[g] + Syslg — 9: 9] + T'i[g. 9] (2.27)

where T[g] = I'7""[g, g], and T'x[g, ] contains all the deviations for g # g. T'?[g, g]
is the Hessian of T'y[g, g] with respect to the expectation value of the the full metric,
G = (Juw) (where §,, = g, + il,w) at fixed background g,,. Furthermore, M is the
Faddeev-Popov ghost operator, while RY"*"[g] and RJ"[g] are the IR cutoff functions for
gravity and the ghost operator, respectively.

We will take both of these to be of the form Ry (p?) oc k2R (p?/k?) where the function
RO (z) is smooth and satisfies the conditions R(®(0) = 1 and R®(z) — 0 for z — oo,

but is otherwise arbitrary. In the calculation for I';,, the p? is replaced by the kinetic
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operator for gravitons or ghosts. Following [26] we will take R(®)(z) to be of the form
RO(z2) = z[exp(z) — 17" . (2.28)

It is noted that other choices for the regulator function are possible [47, 109, 110]. How-
ever, as it is apparent below, the choice of different regulator functions do not qualitatively

change the results.

The Einstein-Hilbert truncation: The use of the functional renormalization group
equation (2.26) is illustrated using the single metric truncation where one can set IT';[g, 7]
exactly to zero, or fk[g, g] can take same form as gauge fixing action Sy with a different

prefactor, that is

A

fk[g,g] =0 or I'xlg,g] < Syf . (2.29)

Now, the effective average action is inspired from the classical Einstein-Hilbert truncation

in d dimensions in the form

1

S = _
167G

/ d'zy/g (~R(g) +2A) (2.30)

where G and A are the k-independent classical Newton’s constant and cosmological
constant at k& — oo. Here, the scale dependence in these coupling constants can be
determined solving the RG equation with an ansatz defined in (2.27) where I'[g, §] o< Syy.
Here, the infinite dimensional space of all action functionals are then projected on the
2-dimensional subspace spanned by the functions /g and \/gR to obtain solutions to

the RG equation. For this choice of truncation in the background metric formalism, we
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need to consider effective actions only of the form

Tulg, 3] = (167G (k)" [ d'o\/G{~R(g) + 2A(K)} + Syylg — 5.3)
— 2K / d'z\/g {—R(g) + 2A(k)}

+ 122w [ VG G (FP905) (FPg0) (231

where k = (327r@)_% and S,r[g, g] is a classical background gauge fixing term. Here, the

choice of gauge is written in the harmonic gauge as
_ 1.
b 3] = vV2k F, % gus = 2k F,%has = V2k (D”h,w - 2Dugo‘ﬁha5) (2.32)

where flﬁﬁgag = fuaﬁhaﬁ and Duga/g = 0. It is to be noted that the chosen f‘k replaces

the prefactor of the original Sy; term in (2.31) by the scale dependent ratio % which
can be referred as the dimensionless function Zyj = % It is also worth mentioning
that it is possible to truncate so as to include higher derivative invariants. However, for a
three-dimensional subspace it is known that the flow is essentially two dimensional close
to the fixed point. Further, the projected 2-dimensional flow gets nicely approximated

by the Einstein-Hilbert flow [28].

2.2.2 Flow of G and A

To find the flow equation for scale dependent coupling constant, Zy; and A(k) on the
Einstein-Hilbert space were spanned by [ /g and [,/gR, so the left hand side of the

flow equation can be written having inserted the effective action in (2.26)

8. 4lg, gl = 22 / d'z\/G {—R(g) 0 Zni + 20, (ZauA(K))} . (2.33)

Here g,, = g, is set so that the gauge fixing term in (2.31) vanishes. Now for the
right hand side, the derivative expansion have to be performed retaining only the term

proportional to [/g and [,/gR. To obtain the second functional derivative of the
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effective action, F,(f), one expands

Tlg + h.g] = Ti(g, 3] + O(h) + I3[ g] + O(h?) (2.34)
where
PPt = Znan? [ A%0/G B [ 10 D2 4 U | 007 (2.35)
The tensors K and U are given by

K™ §USY + BE — G Gy (2.36)

1
pa:Z[

and

U, = i [046% + 048, — G Gpe| (R — 2A(K)) + ; (9" Ryo + G R
- i O4RY, + OLRY, + Oy RV, + 6UR",| — ; (R, "+ R, (2.37)

where g, is used for lowering and raising the indices.
Now to proceed further, the quadratic form of (2.35) is partially diagonalized by decom-

posing the metric h,, as
Py = b +d ' Gd . §hu =0, (2.38)

In order to calculate the differential equation for the scale dependent quantity Zy; and
A(k) comparing [ /g and [,/gR from both side of eq.(2.26), the quadratic action is

written by utilizing the freedom of maximally symmetric spacetime [9]

1 _ _ —
r? = 5 Znin’ / d"zv/g { by [~D* = 2A(k) + CrR] b

- <d2_d2> 6 [~D? = 2A(k) + CsH] gb} (2:39)
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where Cr =

d(d—3)+4 __ d—4
dd—1) > Cs = d

Cutoff scheme: Prior to moving forward, it is necessary to select the cutoff operators
that better describe the change from a high momentum to a low momentum regime. For
this, it is necessary to modify the cutoff specified in eq.(2.9) to act on scalar field action,
so that it fits in the current circumstances. There has already been some discussion in

subsection (2.2.1). The convenient cutoff operator has structure
Ri(9) = 2k RO (- D*/K?) (2.40)

where the matrix Zj for graviton and ghost are given in the following form

d—2

(Z]grav)pypa — [(1 _ P¢)MVPO' o 5

Pgupa]

(ZIM), 1 =6, . (2.41)

Here, the symmetric unit tensor and trace free projector in the space of symmetric tensor

are written as 1,,/7 = 1 (6,6, +6,°6,7) and (Pp),,"" = 2492 respectively.

Structure of the § functions and its solution : With the above mentioned cut-off

in hand, the operators for h and ¢ sector are presented respectively

D2
(H_2F,(€2) [97 £_7] + Rirm}>;’lﬁ = ZnNk [—Dz -+ k2R(0) <_k2> — 2A(l€) + CTR]
_ raw d—2 D?
(v 109, 9 + Ry )¢¢ =~ Zni [—DQ + k2RO (—k2> —2A(k) + CSR]

(2.42)

and for ghost sector, the Faddeev-Popov operator is obtained as

D2
~M +RY" = —D?* + k2RO (—kg> +CyR (2.43)
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where Cy = —é. At this stage, the bars from the metric can be omitted setting g = g.
The heat kernel and Laplace transform techniques are now required for the derivation of
the right-hand side of the flow equation eq.(2.26) which comprises of the terms given in
eq(s).(2.42, 2.43). Using the heat kernel method which is nicely described in [99], and
comparing the coefficients of /g and ,/gR from both sides of the eq.(2.26), here are the

equations which are read off respectively

O (ZykA(k)) = (1687) " (4m)72k? [2d(d + 1) D} (—2M(k)/K) — 8dDy5(0)

—d(d+ 1)y @y, (—20(k)/K)]  (2.44)

and

OuZni = —(24k%) ! (dm) 2k [d(d 1) {¢5/2_1 (—ZA,CT)) Sl (—2A<k>/k2)}

—6d(d — 1) {cbg 2 (—20(k) /) - ;nNég 2 (—2A(k) /k2)} — 4d®Y, (0) — 2403 /2(0)] .

(2.45)

Here, ny = kOx In Z i, = ka’é%f) is an anomalous dimension, which will depend on the
two known functions of the cosmological constant.

The above two equations give a coupled system of RG equations for the dimensionless run-
ning Newton constant §(k) = k% 2G(k) = k?2Zy,.G and the dimensionless cosmological

constant A\(k) = A(k)/k?

kokg = (d =2 +nn)3, (2.46)

RORA = =(2 = ) A+ 55(4m) 4 [2d(d + 1)@35(~21) = 8dD}5(0)

1
2
—d(d+ 1)y ®ys(—2))] - (2.47)

These can be thought of as individual flow equations for g and X\, with

nn (g7 )‘) = gBl()\)

= 152500 (2.48)
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being the anomalous dimension of the operator ,/gR, where the functions B;(A) and

Bsy(\) are given by

Bi()) = ;(4w)<l—d/2> [d(d+ 1)@, (~20) = 6d(d — 1)®,(~2))

~4d®},, ,(0) — 2403 ,(0)] , (2.49)
Bo()) = —(13(47r)(1_d/2) [d(d+ 1), (~20) - 6d(d — DBZu(—20)] . (250)

The functions ®? (w) and P (w) appearing in these expressions are given by

) 1 . RO(z) — zRO'
O () = r<n)/o RO 4 ol (2.51)
~p o ]_ oo n—1 R(O)(z)
Bw) = /0 = e (2.52)

The discussion reviewed till now is valid for any dimension d. In the rest of this thesis,
we shall work in d = 4. In that case the flow equations eq.(2.46) and eq.(2.47) take the

form

kOkG = (2 +nn)g (2.53)

KON = —(2 — )\ + % [1005(—2)) — 8®4(0) — Synd3(—20)] . (2.54)
Recasting the above equations in terms of G(k), A(k), it can be written

kWG (k) = nnG (k) (2.55)

RORA(K) = mA(K) + oK G (k) [10BY(~2A()/K?) — 8BY(0) — 5y Bh(~2A(K)/47)]

(2.56)
where the functions B;(A) and By(\) in d = 4 are given by
1
Bi(A) = —5 - [18B3(—2)) — 51(—2)) + 483(0) + 683(0)] , (2.57)
1 . N
By(N) = o [18B3(—2)) — 5B1(—2))] . (2.58)
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Using the expressions for By and Bs, we can expand the anomalous dimension of the

operator /gR for d = 4 in powers of k?,
ny = k*G(k) By (A(k)/k?) [1 + k*G(k)By(A(k)/K*) + k*'G? (k) B3 (A (k) /K*) + - - ] .

eqs.(2.55) and (2.56) cannot be solved exactly. We use an iterative procedure to find the
expressions for A and G at small k, starting with A = 0 and ny = 0. Then both the
functions ®? (A/k?) and P (A/k?) are even functions of k and vanish for k — 0 if p > 1.
It follows that both the functions B;(A) and By(\) and thus also 7y are even functions
of k£ at this order of iteration. Looking at the equations we see that it follows easily from
the iterative procedure that both A(k) and G(k) can be written as power series of only

even powers of k ,

G(k) = Gy [1 — wGok? + wGEE* + O(ngﬁ)} (2.60)
A(k) = Ao + Gok* v + 1 Gok® + O(GEk")| . (2.61)

The above expressions look identical to the linearized group flow of A\ and § near the
trivial fixed point A = 0, g = 0 [47]. If the couplings are on a generic flow near the
trivial fixed point, we will not find a sensible result, as the S-function hits a singularity at
A(k) = 1 at a non-zero value of k for Ag > 0, with 7y diverging at that point. However,
we will see later in this thesis that the consistency conditions arising from the dynamics
of Bianchi type-I cosmology fixes Ay = 0, which puts the couplings on a trajectory which
hits the trivial fixed point, avoiding the singularity. Hence there is no obstruction to
taking the limit £ — 0.

In any case, the expressions in eq.(2.60) and eq.(2.61) represent the “quantum corrected"
G and A. The constants w, v, w; and v; can be calculated by inserting these expansions

into eq.(2.55) and eq.(2.56) ,

1 1
W = —*Bl(o> =

: 2493(0) — ®1(0)] = i (1 - 7T2> , (2.62)

(2.59)
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1 ¢(3)
= @l == 2.
S0h0) = 22, (2.63)
B5(0 13 13
w; = w? — 2 )w——ysz—i——y, (2.64)
2 o 3T om
Bw =~ 15Y% Sw DU
S Zolo)+ c1>2 0) = — — 4+ — 2.65

with Bo(0) = Z, ®5(0) = 2((3), ®3(0) = 1 and ®3(0) = 1. We remark that these
expressions are accurate only if we choose Ay = 0, as was noted in [26, 51]. We also
remark that changing the regulator function R does not change the form of the power

series expansions of G and A, but will modify the values of the constants above.

2.2.3 Solution of G(k) with vanishing A

In this subsection, we will discuss the flow of dimensionless gravitational constant §(k) as
the sole coupling constant following literatures [99, 111], omitting the second term, that
is, A(k) [ d?z,/g from the ansatz of the effective action effective action T in eq.(2.31).
The flow equation for g is written removing the flow equation for cosmological constant

and letting A = 0 in eq.(2.53)

B3(9(k)) = kOeg = (24 nn)g

- ) 7
— 25 11__;29 (2.66)

The cut-off dependent constants B;(0) and By(0) for the exponential cut-off given in eq.
(2.28) are designated from eqs.(2.57) and (2.58) as

Bi(0) = — - [2493(0) - #}(0)]

3

_ 617T [1883(0) — 561(0)] . (2.67)
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In equation (2.66), the constants are shortened for ease in the following way:

w= —;BI(O), W =w+ By(0) . (2.68)

The numerical value of w, By(0) and Bs(0) are given in the above subsection in eq.(2.62).

Here, we note that the beta function has two fixed point for two zeros of 83, namely the

Gaussian fixed point (GFP) at §g¥'F = 0 and non-Gaussian fixed point at gN“'F = 5
Since the beta function for trajectories in between g(k) € [0, gN¢F'F] is positive, that

indicates the gravitational constant is positive, so that we work with these trajectories

only. For that, the differential equation (2.66) takes integral form as

i da g do k dk
/ Tg—ﬂ,/ g__ [T, (2.69)
atke) g W Jgko) 1 —W'g ko K

Integrating the above equation analytically, the solution for the dimensionless gravitational

constant can be written as

. N 2
R 1) <k) (2.70)
(1-wg)~  (1-wglko)) \ko

where kg is the reference scale. To write the approximate solution for g(k) in the closed
form, we observe that the # is close to unity as w ~ 1.2, B5(0) ~ 0.21 and ' ~ 1.4. The

close to accurate solution for g(k) is written replacing % — 1 as

o g (ko)
g(k) = wq(ko)k? + [1 — wg(ko)lkE

(2.71)

Replacing g(k) with the dimensionful Newton constant as g(k) = G(k)k?, the solution

reads

_ G (ko)
Gk) = 14+ wG(ko)[k? — k3]

(2.72)

Now setting ko = 0 for the reference scale and identifying G(0) with the observed Newton

constant GGy, the running gravitational constant can be written in the simple form with
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the momentum scale k£ as

Go

This equation provides a smooth picture of crossover between the classical or low energy
regime where G (k) = Gy and the ultraviolet regime where §(k) = const = g¥9*F. When
k ~ mpy, or close to the Planck scale indicated by mp, = G, 1 2, those regimes cross
over. This nearly precise G(k) solution will be applied to obtain the quantum corrected

Schwarzschild metric [111], which is discussed in chapter 5.



Chapter 3

Bianchi-I cosmology using
renormalization group approach for

quantum gravity

3.1 Introduction

This chapter is based on the paper [42, 43]. As discussed in the earlier chapter, a natural
framework for describing gravity in the setting of quantum field theory is provided by the
asymptotic safety (AS) theory for quantum gravity, which is currently addressing one of
the most difficult issue in theoretical physics, the creation of a full ultra-violet (UV) theory
of gravity. Weinberg has put forth the intriguing proposal that the idea of asymptotic
safety may allow a gravitational theory to be non-perturbatively renormalizable [80].
Moreover, the functional renormalization group (FRG) offers a perfect technique for
asymptotic safe gravity for studying the phenomenological consequences of quantum
gravity since the key object of FRG, the scale dependent effective action interpolates
between the short and long-distance regimes smoothly. The functional renormalization
group equation (FRGE) governs the evolution of gravitational effective action with the
RG energy scale. However, a clearly defined, finite RG trajectory connects the high

energy realm and the low energy regime of classical general relativity. Scale-dependence
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is incorporated into coupling constants by projecting this RG flow from the infinite
dimensional space of all functionals into a two-dimensional subspace involving only /g
and ,/gR (Einstein-Hilbert truncation) [26, 31, 47]. There are various implications of AS
gravity with this Einstein truncation in cosmologies at late time which can be derived
writing Einstein’s equation in terms of the “running" Newton’s constant and the “running"
cosmological constant which are both dependent on the energy scale of the problem
[51, 52, 54-57, 61, 62, 112]. In the context of cosmology, this scale may be taken to be a
function only of the cosmological time, so the running constants become time-dependent
[51, 57, 112].

The Friedmann-Lemaitre-Robertson-Walker (FLRW) model of cosmology was studied
in [51] using this “RG-improved" Einstein’s equation, leading to coupled ordinary dif-
ferential equations for the scale factor a(t), the density p(¢), Newton’s constant G(t),
cosmological constant A(t). In this chapter, we investigate Bianchi I models of cosmology
using RG-improved Einstein’s equation, to check if this scheme introduces additional
conditions under which the Bianchi I anisotropic cosmology approaches the FLRW
universe. We will look at the late time behaviour of the Bianchi-1 universe for three
different kinds of matter, namely, dust, radiation, and stiff matter. Here, we examine how
the Bianchi-I cosmological solution for different matters flows to late times employing
the consistency conditions obtained from the renormalization group improved Einstein
equations. Now, in order to better comprehend the various difficulties in cosmology, it is
important that we briefly cover the fundamentals of cosmology before talking about the
Bianchi-I cosmology.

The organization of this chapter is as follows. In Sec. 3.2, we briefly go over cosmological
fundamentals and the evolution equation for the FRW universe. In Sec. 3.3 we use the
effective average action formalism for gravity which leads to the flow equations for the
scale-dependent Newton’s constant G(k) and the cosmological constant A(k) to write
the RG improved Einstein’s equation for the scale factors. We conclude with a discussion

of our results.
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3.2 Brief discussion on cosmology

The central theme of cosmology is based on the Copernican principle which states that
the universe is pretty much the same everywhere. However, the Copernican principle only
applies on the large scales (of 100 Mpc or more), where the local variations in density
are averaged out. Such a concept is supported by a wealth of observational data, such as
3K cosmic microwave background (CMB) radiation which is nearly complete isotropy.
The deviations from regularity in the microwave background radiation are on the order
of 107° or less, which is undoubtedly a sufficient basis for an approximation of spacetime
on large scales, even though we now know that it is not perfectly smooth.

The observed universe on scale 100 Mpc or more possess two mathematically precise
properties: isotropy and homogeneity which are associated to the Copernican principle.
Here, isotropy applies at a specific point which states that the universe looks the same
no matter in which direction you point your telescope. The statement that the metric
is same throughout the manifold is referred to as homogeneity. To put it another way,
the universe has no preferred location regardless of where you set up your telescope. It
should be noted that homogeneity and isotropy do not necessarily go hand in hand; a
manifold may be homogeneous but not anywhere isotropic or it may be isotropic around
a point but not be homogeneous. However, cosmologists have embraced the Copernican
principle, which claims that the we are not the centre of the universe and other observers
notice isotropy as well, so that homogeneity and isotropy can be taken for granted for
large scales.

The usefulness of homogeneity and isotropy is that they imply invariance under rotation
and translation respectively, which in turns guarantee the space is maximally symmetric.
When homogeneity and isotropy are combined, a space is said to have as many Killing
vectors as is physically conceivable. To assert that spacetime itself is maximally symmetric
would be an extreme application of the Copernican principle. In reality, it turns out that
this isn’t the case; based on our knowledge of observation, the universe is isotropic and
homogeneous in space, but not in all of spacetime.

In order to represent real world, the "perfect" Copernican principle, which presumes
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symmetry throughout space and time, must be abandoned. Positing that the universe
is spatially isotropic and homogeneous but evolving with time is simple and consistent
with observation. In other words, the universe can be foliated into space like slices with
each three-dimensional slice being maximally symmetric. So, the spacetime metric has

the following form
ds® = dt* + a®(t)dx> (3.1)

where ¢ is the coordinate time, a(t) is known as the scale factor and x is the 3-vector
in space. The scale factor must be independent of the spatial coordinate in order to be
homogeneous. This evolution of the universe is characterised by the scale factor. The
evolution is measured by the quantity called Hubble parameter H(t) = % Now for spatial
geometry only, the symmetries permit one of the following formats of writing the dx in

spherical coordinates as

dr?

ax? =
x 1 — Kr?

+ 7 <d92 + sin® 9d¢2> (3.2)
for K = 41,0 which correspond to spatially spherical (closed universe for K = 1),
hyperbolic (open universe for K = —1) and flat universe (for K = 0). However, the
spatially flat solution is greatly favoured by the observational constraints, despite the fact
that each of the three configurations is a priori conceivable. Unless otherwise indicated,

it will always be assumed that K = 0 in the following.

Friedmann equation: Now to determine how the universe has evolved, the next step is
to include the FLRW metric into Einstein’s equation to derive the Friedmann equations

connecting the scale factor to the energy-momentum tensor of the universe. Due to the
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symmetry, the Einstein’s equation is reduced to a pair of equations for FLRW metric

~
o (A" _ 881Gy K

= (a) 3 a? (3:3)
a 47TGO
Z - _ 4
" 5 (p+3p) (3.4)

taking the energy-momentum tensor as a perfect fluid. The energy-momentum tensor of

a perfect fluid represents the cosmic matter. This is of the form

T,u,u - (p + P)quu + yamy (35)

where p is the pressure, p is the energy density and v, is the four velocity of the fluid
which satisfies the relation v#v, = —1. It can always be changed to the form because of
the imposed homogeneity and isotropy T#, = diag(—p, p, p, p).

A third equation can be derived considering the covariant conservation of the energy-

momentum tensor, that is, V, 7" = 0

p+3H (p+p) =0 (3.6)

which is called the continuity equation.

Now, one can see that there are two independent equations among the three, namely, the
first Friedmann equation, the second Friedmann equation, also known as the acceleration
equation, and the continuity equation. Thus we have a system of two independent
equations with three unknowns a(t), p and p. To make progress, the equation of state
can be chosen relating the pressure of the perfect fluid with the matter density of the

fluid

p=19Qp (3.7)

where Q is a constant and independent of time. To obtain a(t), p and p for all times,

we can now solve eq.(s)(3.3, 3.6 and 3.7). However, the fact that our universe is made
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up of different components with different equations of state really complicates how our
universe evolved. Fortunately for the cause of simplicity, the pressure and the energy
density for the various matter components are additive. Since there is no interaction
between the components, the continuity equation holds for each one separately. We will
investigate the cosmology for a single component throughout the thesis because different
components evolve at different rates, so that, one type of source will be clearly dominant
by one component for longer periods of time. Using eq.(3.7) in the continuity equation,

the matter density falls off as
p = poa T (3.8)

where pg is the matter density at present time.

Evolution of the scale factor : For spatially flat, single component universe, the first

Friedmann equation becomes

a2 = WJ;poa_(Hm) . (3.9)

This can be immediately integrated to acquire the scale factor with the restriction €2 # 1

140 o
143 ; )\/8W§0p0(t—to)] (3.10)

where the initial condition is set taking a(t = to) = 1, where ¢y being the present time of

a(t) =

the universe. So the Hubble parameter for spatially flat, single component universe at

any time is given by

H= (Z)t = 3(12+Q)t—1 : (3.11)
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As a function of cosmological time, the energy density of the universe for a component

having the equation of state parameter €2 is given by

1+ 3(139)\/87(50'0%—750) ] (3.12)

The energy density changes with cosmological time as t=2 irrespective of the value of .

p(t) = po

The fundamental discussion of cosmology is useful for comprehending cosmology while
taking into account quantum corrections to the gravitational constant and cosmological

constant.

3.3 Bianchi I universe with running G and A

In this section, we are interested in the anisotropic cosmology described by Bianchi I

metric
ds* = —dt* + a*(t)dx® + b*(t)dy® + A (t)dz> . (3.13)

For time varying G and A this cosmological model has been studied in the presence of
a perfect fluid [113-116]. Time variation of G and A have also been considered in flat
FLRW cosmological models [117].

For cosmology we will need to consider a scale defined by the cosmological time ¢, so we
first improve Einstein’s field equations of general relativity with time-varying Newton’s

gravitational constant G and cosmological constant A
1
R, — §R9W =81G ()T — A(t) gy - (3.14)

Here G(t) and A(t) are related to the scale dependent G(k) and A(k) and take into
account the leading quantum corrections coming from the renormalization group flow.

Note that the RG improvement has been made at the level of the field equations and is a
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kind of “shortcut" which captures the effects of quantum gravity to leading order. For
the metric eq.(3.13) together with the energy-momentum tensor eq.(3.5), we obtain the

usual equations for the scale factors

b ¢ be
_____ —_— —A -1
b ¢ b e 1)
L% srGgp— A (3.16)
a C CL?
i b ab
_____ —_— —A -1
0 b ab 8tGp (3.17)
ab b ac
— 4+ —+— =8rGp+A. (3.18)

Further, the covariant conservation of the energy-momentum tensor V,T*” = 0 for

Bianchi-I universe yields

p+(p+p)<2+£+i>:0. (3.19)

Now since the Einstein tensor is covariantly conserved, the right hand side of eq.(3.14)

must also be covariantly conserved. This leads to the consistency equation
8tpG 4+ A =0, (3.20)

where the dot denotes time derivative.

Two of the equations for scale factors can be combined to produce

d a b a b ¢
dtlln<a_b>]+<a+b+c>zo’ (3.21)

integrating which we get

a b
a b _ 3.22
i (3.22)
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where k; is a constant of integration and R3(t) = abc. A similar calculation using the

other pairs yields

b ¢ ks

Z_Z 2

b e R (3:23)
¢oa ky

S 0 (3.24)

where ko and ks are integration constants, satisfying ki + ko 4+ k3 = 0. Let us rename for

convenience the integration constants as [, [ and —I(1 + [3). Integrating these equations

we get
a(t) = miR(t) exp "2 ;— F) Rc?’izt)] (3.25)
b(t) = maR(t) exp | (ﬁ?)— D Rf’ét)] (3.26)
c(t) = msR(t) exp _a —g 26) Rg@)} : (3.27)

where mq, mq, m3 are arbitrary constants of integration satisfying mymoms = 1.

In this setup, we wish to consider the late time effect of quantum gravity. Let us use the
long distance perturbative series expansion of G(k) and A(k) of eq.(2.60) and eq.(2.61)
from chapter 2, suitably converted to a time-varying form. The identification of the
infrared cutoff for momentum scale k involves expressing k in terms of all scales that
are relevant to the problem under consideration. In the case of the FLRW universe,
homogeneity and isotropy of spacetime imply that % is a function of the cosmological

time only. Hence the constants G and A take the form

Gt) = Gk =k(t),  A®t) = Ak = k(1)) . (3.28)

For the anisotropic Bianchi type-I spacetime, we still have homogeneity so that all scale
factors are functions of cosmological time only. Let us then consider the theory at a
momentum scale set by the cosmological time, & = k(¢) in this case also. As pointed out

in [51], there are two natural choices of scale in an FLRW universe that could relate ¢
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to k. One is where k ~ t™1, which is to say that the theory is cut off at a wavelength
determined by how far signals can have traveled during the lifetime of the universe,
disregarding the expansion of the universe. The other choice is to include some effect of
expansion by choosing k¥ ~ R~!. In this case, the equations have no consistent solution
with this choice for the FLRW universe with ordinary matter. For exotic matter there is
a consistent solution for the choice of k oc R(t)~!. As we will see below, for a Bianchi I
universe we need to include higher order terms in ¢~!. Then the simplest such behaviour

at late times is

k=Y 2. (3.29)

We also note that a choice of different cutoff scales in different directions does not seem
practicable.
For our analysis, we will keep terms up to n = 3 in eq.(3.29) because we are interested in
the behaviour of G and A up to O ( ) so we will employ the cutoff

& o 0

b=t gt (3.30)

Inserting this expression for k into the series for G(k) and A(k), we obtain the time
dependent Newton’s gravitational constant and cosmological constant in the perturbative

or low energy regime,

WG 20 W G2 t8
G(t) = Go [1 - (1 + = > - (;l)] . (3.31)
GO ~ 40' V1G0 t4Pl
At) = ANo+ — 1+ —+ — el 32
( ) 0T 14 [ ( + t t ) <t4 ) (3 3 )
where we have defined @ = wé?, b = wié, 7= v€*, v, = €8, 6 = ¢ and 5 = % for

convenience.
To proceed further we now assume, in line with the arguments of [51], that renormalization

effects coming from the matter sector are small compared to those of pure quantum
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gravity. Then the equation of state relating the pressure p and the energy density p is
linear, is assumed to be p(t) = Qp(t), as taken in equation (3.7). We next substitute the
equation of state into the energy-momentum conservation law eq.(3.19) and integrate it.

This gives

M
R()PIHY = 2 3.33
PR =27 (33
where M is an integration constant. On the other hand, using eq.(3.20) we can express
the energy density p(t) in the form
1A

P 3T G (3:34)

Combining eq.(3.33) and eq.(3.34), we obtain

1 3730
_MG] (3.35)

R@:[ -

The time derivatives of G(t) and A(t) can be calculated from their expressions above

and using them in the expressions for the energy density p and the average scale factor

R, we find

1 /oy 1 26 20 &% /25, 3\ Go G2
P@—Mﬁﬂaﬂ%+t+ﬁ+ﬁ+(@+w)ﬁ+ot4 o (336)

1

ms»sz)t(gfm){l_ 1 (25— 20 (3Q+5) 42

Br3)\t 2 @B1)e
2 30\ Go a2
(@+2ﬁ)t2)+0<t4 - (337)

We now discuss three cases of cosmic matter separately: i) dust, for which Q = 0;

i) radiation, Q = %; and i7i) stiff fluid, Q@ = 1. The first two cases have something

1
in common, as we will see now. For €2 # 1 and defining o = [% (%)} ¢ we can
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integrate the expressions for the scale factors to find

12+ B)a

a(t) = miR(t) exp 3

N(t)] |

b(t) = moR(t) exp l(ﬁ_l)a/\/(t)] ,

3
[ (142
c(t) = msR(t) exp _("‘35)04/\/—@)] , (3.38)
where we have written
dt

t) = _

NO = [z
Q+1) @y o 1 - (2—-1)5? (2@1 3y”1> _(@+3)
= J¢tOF) — gt @) — 20 — — |Gy | t @D
Q-1 4 (Q+3) Qry \@ ") ’

(3.39)

and we have neglected higher order terms. From these equations for the scale factors, we

can compute the directional Hubble parameters,

Z _Hi)+ l(2gﬁ)aH1(t),
b 1(8—1)a
g = H(t) — i +325 S5, (1) (3.40)

Here the “average Hubble parameter” H(t) includes isotropic quantum corrections,

R 2 1 G < o (20 3 1 th
(3.41)

while the effects of anisotropy are included in the coefficients of H;(t), which also includes

quantum corrections,

e 26 | _(0+3) 1 - (Q-1)35% /24, 39 _20249)

Hi(t) =t ™o+ i@ 4 20 — +< + )G [ZNNREE
1) (1+9Q) (Q+1)( 0

(3.42)
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We now run a consistency check on the solutions for the scale factors, by putting these

solutions into eq.(3.18). Keeping up to O (t%) , we find
__4_ 45 1 2 < (3—Q) ~ 205 3 1
e {1 + (1+9Q) t + (1+9) (25 + (1+Q)(72 al G- 2171) GO) 72}
Cp42(2) (20467 + (22 +32)Go) 4. (343)

R)? _ @?P(F+5+1)

8 ()" -
=Ag+ 2(%)%2 + 4(

The above equation is the consistency relation which the scale factor must satisfy for

all Q # 1. Let us now see the consequences of the above relation for Q = 0 (dust) and

Q = 1 (radiation).
3.3.1 Q=0
Comparing the coefficients of different powers of ¢ on both sides of eq.(3.43) we get the
(3.44)

following consistency conditions
(3.45)

AOZO,
w_3
o2’
N < 5 2( /32 2
4{45—62+2<2C51+3V})G0}—l(6 5+ 1o = —Go+
3 % 2v 3
2(7) {25+52+( ~1+3V~1>G0], (3.46)
w w 2v

9)}_1 for 2 = 0.
5) and eq.(3.46), we get a consistency condition valid up to O (%1) in

with a = {% (a
Combining eq.(3.4
our calculations,
8 4Gy (2w 3v; 1202 (B? 1
—5:5G0+0<°ﬁ“+ ”})— MG R (3.47)
w 2v 3

3
Note that if we had not included the O (t%) terms in eq.(3.43), we would have obtained

conditions corresponding to FLRW cosmology, which were found in [51]. If we keep terms
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up to O (%) and compare coefficients, we can immediately conclude that for [ = 0 we
will regain the FLRW universe. Thus we see that for (2 = 0, the anisotropic Bianchi-I
cosmology does not necessarily flow to the FLRW solution when quantum corrections

are included.

_ 1
332 Q=1

In this case, by comparing inverse powers of ¢ in the consistency condition eq.(3.43), we

again find Ag = 0, and

w 8
Z_Z 4
S =2 (3.48)
Z 3. PaA(BP+6+1)
4l =)o ==0— 4
<w) 77357 3 ’ (349)
from which it immediately follows that
Pa? (B +B+1) =0. (3.50)

If I # 0, we must have 3% + 3 + 1 = 0. This implies that the two roots of 8 are complex.
Since the scale factors must be real, it follows that [ = 0. Then from the terms of order

t~* in eq.(3.43) we get the condition

‘;’ (52— 8) = Gy + i (2;“’1 + 3;) Go . (3.51)
Hence we see that all the directional Hubble parameters must be equal, i.e. the universe
must be FLRW| in the presence of radiation. It is also not difficult to see that for
0 < Q <1 eq.(3.50) will always appear as a consistency condition, so [ = 0 and the
universe becomes FLRW at late times. Thus we can conclude from the above analysis
that the scale factors of anisotropic Bianchi type-I metric flow to the isotropic FLRW
cosmology due to renormalization group flow of the Newton’s gravitational constant G(t)

and the cosmological constant A(t), for all 0 < Q < 1.
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3.3.3 Q=1

The case of €2 = 1, which corresponds to stiff matter, is somewhat different. First we
write down the expression for the average of the scale factor R by setting 2 = 1 in

eq.(3.37). This produces

MGy (N5 126 26 45° /25 30\ Gy £,
R() =[5 QJ]t%_6<t+ﬁ_Bﬂ+<w_+%)ﬁ+Oﬁ -

(3.52)
The solutions for the scale factors for stiff matter are then
2 « 2
a(t) = miR() t 2 exp {—l(fgﬁylgxtﬂ
—1a - 1
b(t) = meR(E)E 5 exp {-l“gzgylgxtﬂ
« l 1 2
dﬂZ%R@fW?ewl<zﬁmg4, (35
o1
where we now have o = [MQGO (%)] > for Q =1 and
1 ~ 200 3v;
o~y - 1 1 -2
g@_at-+4@5+(@ +25>q)t . (3.54)
The directional Hubble parameters are now computed up to O ((%)3) ,
a R (24 P)a
- =+ ———""H(¢t
o T RTTy Y
b R I(f—-1a -
=4+ 7 _H(t
b R + 3 *)
¢ R OI(1+20)a
= _H(t 3.55
e (O] (355)

The (isotropic) average Hubble parameter is

R 1 G < 25 31 1 t3
A A Y B ( > > 1 th _
= 3tl+t+< 7+ (422 Go) 5 +O (L (3.56)
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and we have also written, to the same order of approximation,

— 1 o 1 20.]1 3V1 1
Ht)=-+—-+-(20 — . .
(*) t+t2+2< +<w QV)GO)t3 (3.57)

As before, we now put these solutions into eq.(3.18) for a consistency check. The

consistency condition is then found to be

3(72)2_ Q2B+ B+ 1) {1+20 (25+(2w1 31/1)G0> 1 52}

R 3 2 3 w 2 t
20 406 GO 20 . 2&)1 3V1
ot =5t o5 ut4 + ( AR S e Gy (3.58)

5\ 2
Calculating (%) from eq.(3.56) and comparing the coefficients of the t°,¢72 ¢~* terms

respectively, we find the equations

Ap=0, (3.59)
v _ 1 212 2
2(@)-3(1—&[(6 +B8+1)), (3.60)
= ~ ~ 220132 ~
2{25—U+<2i01+3yf)00}—la(6 A+l {25+~2+(2w1+3y~1>G0}
3 2 w 20 3 w 20
20 [ - 2
= Gy + (25 &% (wl + 3V1> G0> . (3.61)
w w 20

Using eq.(3.60) in eq.(3.61), we obtain

2 5 1 /2w 3V1
“ (62— 8) =G+ - ( ) Gy . 3.62
3(67=0) =G+ 3 (5 +55) G (362)
We note that from consistency condition in eq.(3.60), we can write [ in terms of other

constant 3 for Q2 =1,

1-6(3)

1
o J(B+B+1)

(3.63)




3.4 Conclusions 45

As %, % and g are real, we get the following condition from the above equation

w

1—6(?)20 S el (3.64)

Note that the inequality is saturated for the FLRW case, since from eq.(3.60) we see that
g = é when [?(3? + 3+ 1) = 0, which implies that [ = 0 since 8 must be real.

Finally, by putting eq.(3.63) into eq.(3.55) we observe that for large 3, we get a Kasner
type solution, i.e. there are expanding and contracting directions. For large positive 3
the expanding directions would involve the scale factors a, b and contracting direction
would involve ¢. We further find that the range of § which result in a Kasner type

solution change when we take into account the quantum gravity corrections. Likewise we

get a Kasner solution for some values of negative 3 as well.

3.4 Conclusions

In this chapter, we have studied the anisotropic Bianchi-I cosmological model taking
quantum gravitational effects into account. The analysis is valid for late times which
correspond to the perturbative regime of the exact renormalization group flow of the
effective average action for quantum gravity. We used the renormalization group improved
cosmological evolution equation by including the scale dependence of Newton’s constant
and the cosmological constant. We have obtained the solution of G and A in power series
of the infrared cutoff scale from the cosmological evolution equation.

In an improvement over previous works, we have included higher powers of 1/t in the
expression for the infrared cutoff scale k. If we had not done this, the consistency
condition eq.(3.43) would not hold for any value of 2 < 1. Indeed, because we have
considered higher order terms in the expansion of G and A in terms of powers of the
infrared cutoff, the consistency conditions would fail even for isotropic cosmologies without
the additional terms in the expression for k. From this we have found the solution of the
energy density and average scale factor in an inverse power series of the cosmological

time. An important point to note in this regard is that the power series expansion
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of the dimensionful cosmological constant A makes sense only if the leading term Ag
vanishes, because otherwise the dimensionless A diverges as kK — 0. But if Ay = 0, the
dimensionless couplings g and A flow on a trajectory directed towards the trivial fixed
point g = 0, A\ = 0 as the infrared cutoff scale goes to zero. Thus it comes as no surprise
that the consistency of Einstein equations with renormalization group flow analysis of g
and A implies that the only allowed value of Ay is zero, for all types of fluids, namely,
dust, radiation and stiff matter.

Using these solutions for G and A, we have then showed how the flow of anisotropic
Bianchi-I cosmology gets affected by quantum gravitational effects for known matter like
the dust, radiation and stiff matter. We have computed the scale factors from Einstein
equations for dust, radiation and stiff matter for Bianchi-I metric. The consistency
conditions following from Einstein equations indicate that the Bianchi-I anisotropic
cosmological universe eventually evolves into a FLRW universe at late times if filled with
a perfect fluid with the equation of state p = Q2p for 0 < 2 < 1. This includes the case of
radiation. The scale factors a(t),b(t) and c(t) take the same form and expand in the
same rate in all directions. For the 2 = 0 case which corresponds to dust, we find that
the Bianchi-I universe does not necessarily flow to the FLRW isotropic universe. For
Q) = 1 which corresponds to stiff matter, we observe from the consistency conditions
that the solution does not flow to the isotropic FLRW universe at late times. We also
calculate a bound on the cutoff parameter £ and find that the Bianchi-I universe flows
to the isotropic FLRW univese at late times if £? equals its maximum value, but not
otherwise. We also find that there is a possibility of getting a Kasner like solution in this

case.



Chapter 4

Cosmology with modified continuity
equation in asymptotically safe

gravity

4.1 Introduction

A consistent quantization of general relativity in four dimensions is the holy grail of
theoretical high-energy and gravitational physics. As mentioned earlier, perturbative
renormalization of Einstein gravity fails because of the negative mass dimension of
the gravitational coupling. An alternative view is that general relativity cannot be
quantized directly, but emerges as an effective low energy theory from a quantum action
which in principle includes all diffeomorphism-invariant localfunctions of the metric not
ruled out by other symmetries [23]. Over the last couple of decades asymptotically safe
quantum gravity employing the functional renormalization group (RG) approach, which
is consistent across all energy scales, has gained popularity. Since a UV fixed point exists,
the theory is asymptotically secure [30-34, 118, 119].

Here, the formulation of asymptotically safe gravity is based on an (Euclidean) “effective
average action” I'y[g,,] [26, 29, 31, 32, 47, 95, 99, 105], which is detailed in chapter

2. It is defined such that it correctly describes all gravitational phenomena, taking
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into account the effect of all loops, at a momentum scale k. A scale-dependent RG
equation is derived by including all possible diffeomorphism invariant local functions of
the metric [26, 33, 47-49]. This results in a running Newton’s constant as well as running

cosmological constant which reads

G(k) = Go |1 — wGok® + O(GZK")| | (4.1)
A(k) = vGok* + O(G3K5) (4.2)

where Gy is the Newton’s gravitational constant at £ = 0, and the constants w and v
are given in egs. (2.62) and (2.63). For the purpose of investigating cosmic solutions
taking the leading order corrections into account, take note that we have only considered
the leading order correction from eqs.(2.60) and (2.61). Additionally, as was covered in
chapter 2, we start by assuming that Ay = 0. The constants appearing in Einstein’s field
equation are then replaced by the running constants to get the “RG-improved” Einstein
equation.

The Friedmann-Lemaitre-Robertson-Walker (FLRW) model of cosmology was investigated
in [51, 53-58, 62, 120-124] using the “RG improved” Einstein equation. Bianchi I
cosmology was also discussed in previous chapter following [42] in the same approach.
The procedure leads to a set of ordinary coupled differential equations involving the
scale factor, density, Newton’s universal gravitational constant, cosmological constant,
and a cutoff function. An important input that goes into the derivation of the coupled
differential equations for the scale factor and density is the covariant conservation of the
energy-momentum tensor. Since the Einstein tensor is divergence-free as a geometrical
identity, the conservation of the energy-momentum tensor leads to an additional equation
involving the time derivatives of the Newton’s constant and the cosmological constant.
This leads to a consistency equation when we assume an equation of state for the matter
[51, 62, 125-128]; once the equation of state is used, we find a system of three equations
and two unknowns. The solution of the two unknowns from two of the equations would

necessarily need to satisfy the third equation for consistency of the solution. If the matter
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energy-momentum tensor corresponds to a classical perfect fluid, one may be able to
justify the use of the usual conservation equation and thus of the consistency condition.
If however there is an underlying quantum theory of the matter, we should in principle
include the RG flow of that as well since in general it would contribute to the running
of the Newton’s gravitational constant and the cosmological constant, and also lead
to running masses and coupling constants for themselves [129, 130]. For example, in
case of electromagnetic radiation appearing as a source in the RG improved Einstein
equations, if its RG flow is considered, then it would result in the running fine structure
constant appearing in Einstein equation. In that case it turns out that if we demand that
the energy-momentum tensor remain divergence-free, the resulting consistency equation
cannot be satisfied at late times. Therefore we should demand conservation, not of the
usual 7},,, but of the entire right hand side of Einstein equation including the running
gravitational and other coupling constants as well as the running cosmological constant.
We call this the “modified conservation equation” and apply it to the FLRW cosmology
in this paper [55, 60, 62, 125, 126, 131, 132]. We will consider only perfect fluid here
as we are mainly interested in finding out how the resulting cosmology differs at late
times from the approach of treating the consistency equation separately; the problem
of including radiation, and thus the running fine structure constant, will be taken up
elsewhere. We will not take into account the RG flow of the matter in this paper since in
the perturbative regime the renormalization effects coming from the matter sector are
small compared to those of pure gravity [51].

This chapter is based on the work [44]. The organization of this chapter is as follows. In
Sec. 4.2, we write the RG improved Einstein equation for FLRW cosmology. In Sec. 4.3
we explain our procedure for a particular choice of the relation between the momentum
cut-off scale and cosmological time and present our main results for the scale factor
and the entropy production rate. In Sec. 4.4, we consider some other choices for the

momentum cut-off scale. A summary of the results is given in the last section.
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4.2 Improved Field Equations and the cutoff identi-
fication

The idea of using the modified conservation law to study cosmology in the context of
scale-dependent (or time-dependent) Newton’s constant is fairly general and should be
widely applicable, even outside the context of asymptotically safe gravity, and for any
kind of cosmological metric. In this chapter, we will restrict ourselves and apply the

modified conservation law to only the spatially flat FLRW metric,
ds® = —dt* + a*(t) {er + 72 (d02 + sin? 0dq§2)} : (4.3)

We will take the cosmic matter to be a perfect fluid, for which the energy-momentum
tensor is given in eq.(3.5). The improved Einstein equations coming from asymptotically
safe gravity can be written as R, — %Rg,w = 871G (t)T, — A(t)gu - In writing down
these equations, a cut-off identification k = k(t) has been made characterized by the
cosmic time t. From these, we obtain a modified Friedmann equation for spatially flat

(K =0) FLRW with scale factor a(t) and a modified continuity equation,

12 8w A(t)
=2 = am),+ 2\ 4.4
A
p+3H(p+p) = — LG EA (45)

81G(t)

While this is written for a perfect fluid, we note that G and A will appear in the
continuity equation for all types of cosmological matter. A similar equation was written
in [61] in terms of the scale k for the case where the matter is a scalar field and the
cosmological constant enters through the minimum of the scalar potential. In the
consistency approach [51], it is assumed that the left and right hand sides of eq.(4.5)
vanish separately. The left hand side of Eq. (4.5) vanishes due to covariant conservation
of the energy-momentum tensor V,7"" = 0, which holds when Newton’s constant

and other coupling constants do not depend on time. The vanishing of the left-hand
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and right hand sides of eq.(4.5), that is V,T*” = 0, leads to two separate conditions
[42, 51]. For instance, equation (4.5) is resolved as 0 = 0, meaning that both sides vanish

independently

p+3H(p+p)=0
8tpG + A =0 (4.6)

1. We used this strategy to thor-

In this work we shall not consider such a scenario
oughly study the Bianchi-I universe in the preceding chapter. It also be noted that the
modified continuity equation in its full generality has been derived in [55, 60, 62, 125~
128, 131, 132]. The difference of this work with [131] lies in the investigation of different
cut-scale identifications. This is actually interesting since it can test the robustness of
the RG improvement procedure.

As discussed above, the energy-momentum tensor will not satisfy V*#T,, = 0 in
general if G, A and any coupling constant for the matter are time-dependent. In-
stead the entire right hand side of eq.(3.14) is to be considered divergence-free,that is
VH[81G(t) T, — A(t)g,w] = 0, as required by the contracted Bianchi identity V#G,, = 0.
This leads to the modified conservation equation, eq.(4.5).

Using p(t) = Qp(t), the modified conservation equation can be written as
A(t)
m

Substituting G(t)p from eq.(4.4) in the above equation, we obtain

= —2(3+30) 1 - ;A(t)] | (4.8)

In this chapter, we wish to solve the above differential equations at late times. To this

end, we shall use the long distance perturbative series expansions of G(k) and A(k)

!The vanishing of the right hand side of eq.(4.5) has been called the “consistency condition" in [51].
In our paper we call this consistency condition and eq. (4.5) as modified continuity equation.
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as shown in eq.(4.1, 4.2), suitably converted to a time-varying form. As discussed in
previous chapter, the identification of the infrared cutoff for momentum scale & involves
expressing k in terms of all scales that are relevant to the problem under consideration.
In the case of the FLRW universe, homogeneity and isotropy of space-time imply that
k is a function of the cosmological time only. This in turn implies that the constants
G and A take the form G(t) = G(k = k(t)), A(t) = A(k = k(t)) . The simplest such

behaviour at late times is (we will consider some other possibilities later)

k= = (4.9)

The basis of this identification is that when the universe has evolved for a time ¢, quantum
fluctuations with frequencies smaller than 1/t would not be important in the cosmology
of the universe [51].

Inserting this expression for k in the series for G(k) and A(k) (egs.(4.1, 4.2)), the time
dependent Newton’s gravitational constant and cosmological constant in the perturbative

or low energy regime is found to be

-1~ 2% o (4] w10
A(t) = Vgo + 0O <tfgl> , (4.11)

where © = wé?, U = vé* and tp; = /Gy is the Planck time in natural units. We see that
Newton’s constant decreases to its classical value G at late times, while the cosmological
constant approaches zero, which may be appropriate for our universe. We will use these
expressions in the next section to investigate the cosmological expansion and entropy

generation in our universe.
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4.3 Cosmological expansion and entropy generation

We shall now solve the differential equation for the Hubble parameter (eq.(4.8)). For

this, we set u(t) = ﬁ and rewrite eq.(4.8) in terms of u(t) as
2
- a1 A w1
where A = w Integrating this equation from ¢t = ty (present time) to some time ¢,
we obtain
A t / 2/ /
u(t) = o+ At —to) = 5 /t A )u2(t)dt (4.13)
0

where uy = u(tp). This is a Volterra integral equation of the second kind. We now solve
this integral equation iteratively since A(t) is small at large times (eq.(4.11)). For this,

we first approximate our solution by taking
u(t) = u(t) = uo + At — ty) = At + B (4.14)

where B = ug — Atg. Substituting this in the integral on the right hand side of eq.(4.13),

we obtain to the next approximation

A rt

uM () ~ uO(t) - =
3 to

At) (u® (t’)>2 dt’. (4.15)

Repeating this process by putting u™"(¢) in the integral in eq.(4.13), we obtain to the

next approximation

u® () ~ u®(t) _;1 ttA(t’) (uV())” '
— 4O () — ;1 t:A(t/) (u(o)(t’))th’ ) (?) /tj A(th) [/t? A(ty) (U(O)(t2)>2dtg] dt
+O(A¥(1)).

(4.16)
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Substituting A(¢) from eq.(4.11) in eq.(4.16) and keeping terms up to O(Gp), we get

AvGy

A2 AB B? A*> AB B?
W) Oy - 2270 2 22 2 2 28 2 4.17
) = u () 3 l t t2 3t3+t0+t3+3t81 (4.17)
Defining C' = {‘?—2 + % + %] for convenience, we get
0 0 0
AvGy [A? AB B?
t)~ At + B — + —+ — - 4.1
u(t) ++3lt+t2+3t30 (4.18)
This now gives a differential equation for the scale factor a(t). This reads
a 1 AvGy (A2 AB  B? -
H=-= 1 —+—=+=-C
o A+ B [ T3t B) ( TR
1 G A2  AB B?
= 1-— — 4 —4+—=-C S 4.19
At+B[ 3(t+§)<t+t2 T3 * (4.19)
Integrating the above equation, we get upto (’)(t:%l)
1 B\ AvG, A A?2Int  A’In(t+ ) CvGy
Ina(t :1n<t+>— + — XA +1Ina
Y I V] (R B2 34 (1 + )
(4.20)
where In a is a constant of integration.
Now we use the initial condition «(0) = 0. Then it follows that B = 0 and
1 2
to = = (4.21)

AH, (3 + 3Q)H,

where ¢, is the age of the universe and Hy = uio is the present Hubble parameter. Now

AvGo

6> when B — 0, we can write

noting that the second term in eq.(4.20) takes the value
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the final form of the scale factor a(t) as

AGy  CoG
_ ~41/A o _ 0
a(t) =t e (50 - 00)
AbGy  AVG
e (1 - o S 0(G§)) (4.22)

2 .
A gince B = 0.

where in the last line we have used C = o

The constant of integration @ can be fixed by remembering that a(ty) = 1. This yields

1 ADG, o\
_ _ _ 4.23
i = < o +O(G0)> (4.23)

Eq.(4.22) gives the quantum correction in the scale factor.

Substituting A(t) from eq.(4.11) and the Hubble parameter from eq.(4.19) (for B = 0)

in eq.(4.4), and putting A = @, we get the quantum corrected energy density to be

3 ( 2 )2 1 [1 (3 +30Q)%0G, N WGy (3+3Q)*0Gy

= O(G?)| . (4.24
81 \3+30/) Gyt? Gtot t2 42 +0(Go)| - (424)

P

Note that the first term is exactly the classical result of energy density in FLRW cosmology.
The subsequent terms are the quantum corrections in the energy density up to (’)(t:%)

Now we proceed to discuss entropy generation in the above scenario in line with the
arguments in [131, 132]. From the modified continuity equation (4.5), we get

47
3

47

[p+3H(p + p)] 5 Roa® = - RiP(#), (4.25)

where we have written

(4.26)

- A+ 8 pG
PO =[5
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with Ry being the radius of the universe at the present time ty. Note that the scale factor

R(t)

here is dimensionless with a(t) = R, - We can rewrite the above equation as

d(FpRYa®)  d(FRe®)  Ar
=—R 4.27
PR AR T g, (1.27

In terms of energy U = FpR3a® and proper volume V = 4”R8a3, the above equation

takes the form

dU dv. dm 4

— 4 == 4.2

a e = 5 P (4.28)
Using the standard thermodynamic relation dU + pdV = T'dS, the above equation can

be recast as

dsS 4r
TE 3 —R, P(t) , (4.29)

where S is the entropy carried by the perfect fluid inside the comoving volume V' = 2¥ Rja?
In classical cosmology, P(t) = 0 as A and G do not depend on time. Therefore we can
conclude that the entropy does not change during the expansion of the universe. Also
note that P(t) = 0 in the consistency equation approach [51] as A 4+ 87pG = 0, so that
the entropy production rate vanishes.

From eqs.(4.28, 4.29), the change in entropy reads

w

a

ds @
_ a3

1S Pl s+ )

3_ 2\ — 4.30

To calculate the entropy or the change in entropy, we need to know the temperature
T as a function of time which is in principle unknown. We also require the relation
between p and p which we have taken to be p = 2p in our analysis. Assuming radiation

1

dominance, the energy density is taken to be p(t) = 0T, where o = (%) T with neg

being given by neg = ny + %n 7, where n; and ny are the bosonic and fermionic massless

degrees of freedom respectively. This is in line with the argument in [131] which mentions
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that significant entropy production takes place only in the radiation dominated universe.
Furthermore, since the non-adiabaticity is small, the Stefan-Boltzmann relation among
p, p and T are still valid in the non-equilibrium cosmological scenario with entropy
production [133, 134].

Using the equation of state p = £, the entropy production rate in terms of the scale

factor and energy density is given by

dsS d [i6r
E = & TO’RgaBpS/ZL . (431)

Integrating eq.(4.31), the final entropy carried by proper volume V reads

16
S(t) = T”aRga?’pi’)/‘* + 8., (4.32)

where S, is a constant of integration. Note that the radiation energy density obeys

a®p?/* = constant if G and A are independent of time or obeys the consistency condition

3/4 is a function of

and hence the entropy S is a constant. Otherwise, the quantity a*p
time and hence the entropy S is time dependent.

Substituting the expression for the scale factor a(t) and the energy density p(t) from
eqs.(4.22, 4.24) in the above equation, we obtain the entropy for 2 = % to be

3

}4[1+(3@—85)i‘;+--- + 5. (4.33)

S(t) = 12”01;»3@3 |

3
327TGO

From the above result, we observe that the leading quantum correction to the entropy
for the radiation dominated universe vanishes if (3w — 87) =0, i.e. for £ = 22, This is
the same value of £ that one gets from the consistency approach [51] in which the energy
momentum tensor is taken to be covariantly conserved, independent of the scale(time)-
dependence of G and A. In such a scenario the entropy production rate is zero and hence
the expansion of the universe is adiabatic. We can also obtain an upper bound for the

parameter ¢ from the positivity of the entropy at all times which imposes (3w — 87) > 0

leading to £ < ‘/%'
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4.4 More choices of cut-off

In the analysis of the previous section, we chose the energy scale to be inversely pro-
portional to time. However, there can be other choices. An interesting possibility that
was considered in [131] is to take the energy scale as a function of the Hubble parameter
instead of cosmological time. In this section, we obtain solutions for the scale factor for
some power law relations between the energy scale and the Hubble parameter. These
choices are natural since in an FLRW geometry, the Hubble parameter measures the
curvature of space-time. The cut-off choices mean that the quantum fluctuations with
momentum smaller than the curvature of space-time at that particular Hubble parameter
are not integrated out in constructing the effective field theory. Of course, there may be
other possible choices of cut-off. There is another reason behind these choices since they
are amenable to analytical treatment. Note that the choice of these cut-offs introduces a
dimensionful constant. As was mentioned in [51], subleading quantum effects may neces-
sitate cut-offs which are functions of ¢, a(t), a(t), etc. Clearly, in such cases additional

dimensionful constants will appear.

4.4.1 Cut-off k = cH1

Of course, for a general cut-off function it is not possible to find closed-form solutions
for the scale factor. Let us consider a special case for which a solution can be found,
k=cH %, with € being a dimensionful constant. This choice in turn means that the
cut-off k is a function of a(t) and a(t). These choices may capture more subtle subleading
effects which would be missed by the cut-off & = £/t [51]. We use this cut-off to find an

expression for A from eq.(4.2),

A(t) = vGoH? + - - (4.34)
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where 7 = ve!. Putting A(t) from eq.(4.34) up to order O(Gy) in eq.(4.8), we get the

differential equation for the Hubble parameter to be

=t
2 3

3+3Q) [HQ_ DGOH3‘| ) (435)

We first express H as a function of the scale factor a(t). For this we note that (%) =

(@) (@) L=uqa (ﬂ> and recast the above equation in the form

da dt ) H da
dH (3+3Q) vGoH
— = H |1 - . 4.

“ ( da ) 2 [ 3 } (4.36)

Integrating the above equation from the present time ¢, to some time ¢, we obtain

H(1="Hy)
. (1 e > =a (4.37)

where we have set a(ty) = 1 and written H (ty) = Hy for the value of the Hubble parameter

at the present time. Solving for H, we obtain

_ -1
H=Hpa "7 [1 + ”GgHO (a<3+23m - 1)} . (4.38)
Solving this equation gives the scale factor a(t) as
vGoH, 3+ 3Q) vGoH, 3+ 3Q
<1— v g 0) (a¥—1)+( +2 )7 § Olna:(—;)Ho(t—to) o (4.39)

where the constant of integration has been fixed from the condition a(tg) = 1 and we
have assumed that {2 # —1. The functional dependence of the scale factor a in terms of
the cosmological time ¢ can be obtained iteratively, and up to first order in G, reads

ﬂGoHO
3

(8- (g )| w0

a(t) =

ll + wlﬂ](t —to) +
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Ho (t - to)

Fig. 4.1 Scale factor versus time for a radiation dominated universe. Solid line : classical scale factor.
Dashed line : quantum corrected scale factor.

Note that at late times, i.e. as ¢ — 0o, we find the usual behaviour of classical cosmology,
a — oo and H — 0.

To get an idea about the energy scale of the cut-off k, we estimate the dimensionful
constant £ appearing in the cut-off using eq.(4.34). Using the observed values Hy =~
1.45 x 107%2 GeV, Gy ~ 0.67 x 1073 GeV—2 [135] and Ay ~ 4.30 x 1073 GeV? [136]
at the present time, we find * ~ 11.01 x 10%° GeV. It is interesting to note that this
energy scale is of the same order of magnitude as the total mass of the universe. For
these values, % turns out to be a number of order unity. Restoring A and ¢, we find
that this number is m€+m which is clearly a quantum correction.

We use this to make a plot of the scale factor a(t) vs. Ho(t —to) for radiation dominated
universe (2 = %) which is displayed in Fig.(4.1). We observe that although the quantum
corrections are smaller than the classical solutions, they become larger with increasing
cosmological time. This is counter-intuitive since quantum gravity effects are expected
to be important at early times and not at late times. The exhibited behaviour may owe
its origin to the choice of the cut-off since for this choice, the cosmological time coupled
to the quantum correction appears in the numerator in the right hand side of eq.(4.40).
This is in contrast to the & = £/t cut-off choice where the cosmological time coupled to

the quantum correction appears in the denominator. For the calculation of entropy, we
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note that using the cut-off k = e H1 in eq.(4.1), we get
G(t) = Go [l = @GoH? + - - (4.41)

where & = we?. Tt is clear that G — G at late times. Using this form of G(¢), we get

the energy density in terms of the Hubble parameter to be

3H?

:87T0

(4.42)

o(a) Son).

14 @GH? + -] [1—31{

Using the expression for H in eq.(4.42), we obtain the energy density in terms of the

scale factor a(t) as

— 3Hg —(3+3%2
p(a’) - 87TG(]

vGoH,
_ 3(3+39) I/GO 0 <2a—¥ o 1) + .. :| X (443)

3
) 1+(IIG0H02(Z 4 — 3

The entropy produced can now be calculated in case of the radiation dominated universe

by setting 2 = % We find

W

51

. 4.44
4a3 4 +5 ( )

1 12 SGoH?  5GoHy /2
o = o () 1 2

The entropy approaches a constant value at late times.

4.4.2 Cut-off k =~vH

A cut-off identification suggested in [131] was k(t) = vH , based on the fact that the
Hubble parameter measures the curvature of spacetime in a FLRW geometry. For the sake
of completeness, we shall now calculate the Hubble parameter and the entropy production
for this case. We now have A(t) = vGoH* +--- and G(t) = Gy [l — ©GoH? + - - -] where
v =vy* and @ = wy?. The differential equation (4.8) for H(t) for this cut-off reads

a (dH> _ B3, [1 - ’;Ggml . (4.45)

da 2
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This has the solution

(1-— a_(3+39))] : (4.46)

D=

H = Hoa—(3+3ﬂ)/2 |:|. . ﬁGng

Solving this equation and keeping terms up to first order in Gy gives the scale factor a(t)

as (for Q # —1)

v H2 Q
(a# B 1) B VGO 0 (aw _‘_a—# - 2) — MHO (t — tO) . (447)

6 2

We perturbatively calculate the functional dependence of the scale factor a in terms of

the cosmological time ¢, and up to first order in GGy we find

Q vGloH?
alt) = [WHo(t —to) 4+ 1+ PGty
2 6
(3 _"_ 39) 1 (3+39)
X | ———=Hy(t —tg) + —1 . 4.48
( g Holt =) BED b (4 — 1) + 1 (4.48)

Once again we find that a — co as t — oo, and therefore H — 0. We can estimate
the dimensionless constant v appearing in the cut-off using eq.(4.2). As before, we
use the observed values of the constants Ag, Hy and G, at the present time, and thus

vGoH2

calculate y* ~ 7.59 x 10'?2. This in turn makes G

a number of order unity. Using
these numbers, we have plotted the scale factor a(t) against Hy(t — to) for the radiation
dominated universe, which is displayed in Fig.(4.2).

Using the expression for H obtained in eq.(4.46) we calculate the energy density as a
function of the scale factor

3H? 220G HZ (1
pla) = 20 g~G+aa) | 4 2PE0H ( - a_(3+39)) + G HZa Y | (4.49)
87TGO 3 2

From this result, we get the entropy in the radiation dominated universe as

B 167

S(a) = —~oR} <

3H02>i[1 3Gy H2  DGoH? (1
9

_ — _4 PR
o o 20 (S-at) ]+Sc. (4.50)
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Ho (t - to)

Fig. 4.2 Scale factor versus time for a radiation dominated universe. Solid line : classical scale factor.
Dashed line : quantum corrected scale factor.

The entropy is again a constant at late times.

4.5 Summary and Conclusions

The asymptotic safety approach to quantum gravity results in the running of Newton’s
gravitational constant G and the cosmological constant A. In this chapter, we have
studied the consequence of this scale dependence on the FLRW universe, specifically,
the late time behaviour of the scale factor using different choices of the infrared cut-off
scale k. Our approach is different from earlier ones [42, 51| (but in line with earlier work
[60, 131, 132]) in that we have considered the conservation of the entire right hand side
of Einstein equation.

We consider different interpretations of the cut-off scale £ in terms of the cosmological
time parameter, as is typically done in relating the scale dependent results to cosmological
solutions. The first choice of the cut-off scale we take is k = % Incorporating this into
the late time relations for the running of G and A, we solve the differential equations
for the Hubble parameter and the energy density using an iterative approach. The
solutions give the quantum corrections for the scale factor and the energy density. We
observe that an O(1/t) term appears in the quantum correction of the scale factor. This
term did not appear in [51] where the covariant conservation of the energy momentum

tensor was imposed separately. Clearly, this behaviour is captured only if the scale (time)
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dependence of the gravitational and cosmological “constants” is taken into account for
the conservation of the energy-momentum tensor.

We have also calculated the entropy production rate at late times for different choices
of cut-off, using methods similar to [131, 132]. For this we have assumed a radiation
dominated universe and also that the non-adiabaticity is small. Here, we observe that
the entropy gets a time dependent quantum correction at O(1/t*). We therefore conclude
that if 7},, is taken to be conserved independently of the scale (time)-dependence of G
and A, the entropy production rate would vanish as a result.

Considering the possibility that the cut-off scale may have a simpler functional relationship
with the Hubble parameter than with the cosmological time, we looked at two other
choices of the cut-off scale, namely, k = ¢H 1 ,and k = vH . The time evolution of
the scale factors with these cut-off choices is one of the main findings in this paper.
Further, this study also gives an idea about the dependence of evolution of the universe
on the cut-off choices. In particular, we find that the choices k = eH i , k=~vH lead
to qualitatively similar physical results thereby validating the robustness of the RG
procedure. We have then calculated the quantum corrected energy density and entropy
in terms of the scale factor for these choices of the cut-off scale. We would also like to
comment that for the cut-offs k = eH1 and k = ~vH the behaviours are similar to the
classical case, and entropy becomes constant at late times.

The approach of the modified continuity equation will be useful in situations where the RG
flow of the matter sector is included with that of gravity. For example, for electromagnetic
radiation one should also include the scale dependence of the fine structure constant
which in this picture translates to a time dependence. Time-varying G and A have been
considered even outside asymptotically safe gravity [114, 117, 137], while cosmologies in
which the fine structure constant varies with time have been considered in [138-140]. We
expect this approach will be useful in dealing with the time variations of the “constants”

in such models.



Chapter 5

Black hole thermodynamics in

asymptotically safe gravity

5.1 Introduction

As mentioned earlier, black hole thermodynamics plays an important role in providing
fundamental fundamental hints about the quantum aspect of gravity. Hawking and Beken-
stein showed that black hole radiates with a temperature. They also found that these
objects have entropy given by S = ’3;—(";0 where Agqss is the area of the event horizon[4-6].
These findings indicate that black hole thermodynamics should be investigated in the
context of quantum gravity since both Planck length and Newton’s gravitational constant
appear in the expression of entropy. In [141], analogies to the zeroth and first law of black
hole thermodynamics were found where temperature was associated with the strength
of the gravitational field at event horizon called surface gravity. It was Hawking who
had taken quantum effects of matter fields in curved spacetime to show that black holes
radiate at a temperature and have an entropy [7].

A semi-classical approach is usually taken where the quantum effects are included through
the matter fields and gravity is treated in a classical way. This approach breaks down

at a Planck scale where quantum gravity effects become very important. To capture

quantum gravity effects in thermodynamics, there are phenomenological theories, namely,
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the generalized uncertainty relation (GUP) [142-146], modified dispersion relation with
rainbow gravity [147-150], tunnelling method [151, 152]. Asymptotic safe (AS) gravity
is a promising alternative to a consistent quantum theory of the gravitational field.
We have discussed in earlier chapters that AS requires the existence of a nontrivial
fixed point which controls the behaviour of the coupling constants. In this approach,
physical quantities are safe from divergences in the ultraviolet regime, without being
perturbatively renormalizable.

As discussed, the primary tool for investigating the theory is functional renormalization
group equation (FRGE) [26, 31, 95, 99]. This idea corresponds to successively integrating
out the momentum in a path integral formalism. This method permits a continuous
interpolation through the renormalization group trajectories between the microscopic and
macroscopic degree of freedom controlled by the effective action I'y. These trajectories
satisfy a functional renormalization group equation. This results in the running of the
Newton’s gravitational constant.

By setting the “running" Newton’s constant in place of Newton’s constant, the renormal-
ization group improved Schwarzschild metric has been proposed identifying G(k) = G(r)
[111]. Here the cut off scale k is identified with a position dependent quantity, namely,

the proper distance d(r). The parameter « helps to identify the cut-off scale properly.

¢
d(r)

The parameter v has the value v = % if k = and v = 0 corresponds to k = % [153].

In this chapter, we will investigate the thermodynamics and phase transition for RG
improved Schwarzschild metric. First, we explore the modification of the thermodynamic
quantities, namely, Hawking temperature, heat capacity and entropy due to the presence
of the general parameter v. We will compare the differences in the thermodynamic quan-
tities qualitatively and quantitatively between v = 0 and v = g. Then, we shift attention
to investigate phase transition and thermodynamic stability considering the black hole
inside a finite spherical concentric cavity whose radius is larger than the horizon radius of
the black hole. Here we calculate the on-shell free energy and observe that the black hole

state always prevails for all temperatures incorporating quantum corrections. We have

surprisingly found through our analysis that there is no Hawking-Page phase transition
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in the quantum corrected Schwarzschild black hole kept in a concentric spherical cavity,
which is in complete contrast to the usual Schwarzschild black hole scenario kept in a
cavity where one gets Hawking-Page phase transition.

This chapter is based on the work [45]. It is organized in the following way. In Sec. 5.2,
we briefly discuss the basic of thermodynamics and four laws of black hole. In Sec. 5.3,
we describe the set up for quantum improved Schwarzschild black hole. In Sec. 5.4, we
study the modification of the thermodynamic properties for RG improved Schwarzschild
metric. In Sec. 5.5, we investigate how mass of the black evaporate with time. In Sec.
5.6, we investigate the phase transition and thermodynamic stability of the black hole.

We conclude thereafter.

5.2 Black hole Thermodynamics

In the classical theory of general relativity, the area of the event horizon never shrinks,
which was the first revelation that black holes have thermodynamic characteristics. It is
a clear-cut analogy with the second law of thermodynamics where the area of the event
horizon acting as the entropy [154]. However, a black hole abides by all thermodynamic-
like laws in addition to the second law. A thermodynamic system can be characterized
without knowing the position and the momentum of every molecule, according to ther-
modynamics. A few macroscopic variables, like temperature and pressure, are all that
are needed to describe the system. According to No Hair Theorem [155, 156], only three
classical, externally observable parameters, namely, mass M, electric charge (), and angu-
lar momentum J can fully define all stationary asymptotically flat black hole solutions in
general relativity. This implies that the black hole is a coarse-grained description in some
way. So that, the black hole laws can be compared with the thermodynamic laws. In the
zeroth and first laws of black hole thermodynamics, the role of temperature was repre-
sented by a quantity called the surface gravity « which evaluated the gravitational force
(per unit mass) or the gravitational acceleration on the horizon measured by asymptotic

observer [141]. Due to the similarities of the black hole laws with the thermodynamics,
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Bekenstein proposed that the physical entropy of the black hole should be specified as
a multiple of the event horizon’s area, measured in Planck units [5]. This idea would
result in contradictions and violations of the second law, if, as was assumed at the time,
black holes could swallow particles but could not release anything. Then, at any non-zero
temperature, black holes could not exist in equilibrium with thermal radiation. But when
it was revealed that a black hole would produce and emit particles like a hot body with
a temperature of /27 taking the quantum effects into account, the above mentioned
obstacle was eliminated [7]. Now from the first law, it was evident that a black hole’s
entropy was S = ﬁ%l, where A is denoted the area of the event horizon and Ip; = /Gy
is the Planck’s length with A = ¢ = kg = 1. After realising that these thermodynamic
characteristics were a result of the periodicity in the imaginary time coordinate required
to eliminate the conical singularity in the Euclidean version of of black hole metrics, it
became possible to comprehend them more thoroughly. The mathematical formulation
of computing the Hawking temperature is described below starting with the requirement

that the Euclidean space time must be smooth.

Hawking temperature and Euclidean formalism : In the Euclidean formalism for
obtaining the Hawking temperature, one requires that the temperature is the inverse
of the period which can be calculated with a periodic identification of imaginary time

[157-159]. For this considering the generic black hole metric which is given by

ar

ds® = —f(r)dt” + )

+ r2d€2y? (5.1)

where f(ry) = g(ry) = 0 at the horizon and ) is the unit volume of 2 dimensional
sphere. By identifying time with Euclidean signature ¢t = i1, the period of 7 leads to the

temperature T as

T—T+ = (5.2)
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In Euclidean signature, the metric (5.1) is given by

dr?
dst, = dr? 4+ —— +r2dQy* . .
sp = f(r)dr +g@)+T 2 (5.3)
Now one can approximate f(r) ~ f'(ry)(r —ry) and g(r) =~ ¢'(ry) (r — ry) near the

horizon. So that, the Euclidean metric reads

5= 1) = r) a4
g'(re) (r—ry)

! / 2
_ QQd (f (7’+)29 (T+)T> +dg2 +rid922

+ Tid922 (54)

= 0°d0* + do® + r3dQy” (5.5)

where a new coordinate is introduced in the form p = \/%1 /(r — ry). The metric in
g'(re

this coordinate resembles a plane in polar coordinates where 6 = %7’ should have

period 27 to avoid conical singularity at o = 0. Then the period of 7 reads

0 — 0+ 27

4
R LR . — (5.6)

f(ry)g'(ry)

Comparing eq.(5.2) and eq.(5.6), the Hawking temperature is obtained as

_— (5.7)

where £ is the surface gravity for static, spherically symmetric black holes. As mentioned
before, the surface gravity is the gravitational acceleration on the horizon measured by

an asymptotic observer. The local acceleration is defined by
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So the surface gravity or the acceleration measured on the horizon by an infinitely
distance observer is connected by
goo(r) f(ri)g (ry)

K= (oo = 500(00) a= 5 : (5.9)

This mathematical identification between surface gravity and black hole temperature
plays the crucial role in order to understand thermodynamic behaviour of a black hole.
Laws of black hole thermodynamics : The "The four laws of black hole mechanics'
was published by Bardeen, Carter, and Hawking [141] for a stationary asymptotically
flat black hole in four dimensions, that has a mass M , an angular momentum J, and a
charge (). These laws state :

Zeroth law :| It says that the surface gravity, « is constant over the event horizon.

Here a stationary black hole with constant horizon gravity is in a state of equilibrium.
When the parameters M, J, and Q of a stationary black holes differ by small

variations, then the change in energy is written as

K

dM =
8w GO

dA + QudJ + ¢dQ (5.10)

where 2y and ¢y are the angular velocity and electric charge at the horizon respectively.
For Schwarzschild black hole (@ = 0 and J = 0), the mass of the black hole increases by

the relation

K dA

dM = ——dA = ——— .
8mGy 32rGEM

(5.11)

As we mentioned earlier, Hawking demonstrated that the black hole can

emit radiation at a temperature of T' = ;- taking quantum fields in a black hole

background. When this is understood, ﬁ should be interpreted as the black hole’s

actual entropy. Then, Bekenstein proposed a generalised second law which states that
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the entropy of matter and black holes together never decreases:

A
dStot =d (Smatter + SBH) =d <Smatter + ) Z 0. (512)
4Gy

Third law (Nernst’s law) : | It states that surface gravity x cannot be reduced to zero in

a finite number of steps using any procedures.
This discussion will help us to investigate further the thermodynamic properties of black

holes which will be discussed in the following section.

5.3 Quantum improved Schwarzschild black hole

We consider a static spherically symmetric black hole spacetime taking into account
the quantum gravitational effects. For this, the key ingredient is the running Newton’s
constant which is obtained in the formalism of the renormalization group (RG) flow of
the effective average action for gravity [26]. The RG improved Schwarzschild metric

reads [111]

ds® = —f(r)dt* + f(r)"'dr® + r*dQy? (5.13)
where
flr)=1- QG(Z:)M : (5.14)

Note that here the leading quantum corrections have been considered by improving
solutions of the classical Einstein equation. By replacing Gy with G(r), the quantum
improved Schwarzschild metric is obtained.

We now briefly review the procedure of obtaining the position dependent Newton’s
constant G(r) from the running G(k) through the identification of the infrared cut-off
scale k [111]. The cut-off scale k was chosen to be k = % in terms of a position

dependent function. The distance scale d(r) is identified with the proper distance from
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the point P (Schwarzschild coordinate (t,7,6,¢)) to the centre of the black hole along
some curve at least for the spherical symmetric case.
The approximate analytical solution for the dimensionful running Newton’s constant

G(k) = ]i—f) is discussed in subsection 2.2.3 of chapter 2 which reads

Go

Gk) =5 T wGok?

(5.15)

Next to calculate the position dependent form of G(k), one takes the form of the
interpolating proper distance d(r) to be [111]

d(r) = (W) v . (5.16)

This form of d(r) is chosen since for large r
d(r)y=r[1+0(1/r)] (5.17)

and for small r

3/2

= e

+ Oy . (5.18)
For two curves, namely, a straight radial line from the origin to P (at fixed values of ¢, 0
and ¢) and a spacetime curve of an observer who falls into the black hole, the proper

distance for small r is given by
2 1
d(r) = 577”3/2 . (5.19)

Comparing eqs.(5.18, 5.19) valid for small 7, one can obtain the value of v = 5. We

shall study the black hole thermodynamics taking the general value of v. We shall also

compare the results for two different values of v = %, 0.
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Next using the eq.(5.16), the position dependent Newton’s constant takes the form

God(T)2
d(r)? + @Gy
. G0T3
N r3 + (Z)Go(?" + ")/G()M)

G(r) =

(5.20)

where @ = w(% Here the constants v and @ are coming from the proper cut-off
identification of the infrared momentum scale k in this formalism. Hence, the final form

quantum corrected lapse function reads

2G0MT2

. 21
r3 ‘f‘(Z)Go(T +’7GOM) (5 )

fr)=1-

We now first proceed to obtain the horizon of the quantum corrected Schwarzschild black

hole. To determine the horizon, we write down f(r) in the following form

flr) = B(f)féﬂ (5.22)

where x = 7. The polynomial B(z) is given by

B(z) = B, q(x) = 2° — 22% + Qz + 70 (5.23)
where
w
N=——". 5.24
GoM? (5:24)

As Q carries the signature of the quantum corrections, the classical limit can be recovered
setting 2 = 0. The horizon radius for the above is given by solving f(r) = 0 which
in turn implies that B(x) = 0. For Q = 0, the non-trivial classical horizon is given by
o = 2 which corresponds to the known Schwarzschild horizon ry = xoGoM = 2GyM.

Now in the quantum case € # 0, and then B, o(x) is a cubic polynomial which has either
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one or three real roots. One can see that B(—o0) = —oo and B(0) = 72 > 0 which
infers that B(z) always has at least one zero on the negative real axis. The derivative
B'(z) = 3z* — 4z + Q is positive for z < 0 which implies that B(x) is monotonically
increasing. Hence in the negative real axis, only one root is possible for B(x). Therefore,
B(x) has either two real roots or no roots possible on the positive real axis.

To proceed further, we define x as x = y + % This leads to

v’ +Py+Q=0 (5.25)
where P = Q) — % and @ = ) + ? — ;—g. To solve the above cubic equation for y, we

employ Cardano’s method. We first substitute y = u + v in eq.(5.25) and get
y® — 3uvy — (u® +0°) = 0. (5.26)

Comparing eqs.(5.25, 5.26), we obtain the following algebra identity

P=-3uv, Q=—(u’+7". (5.27)
Substituting v = —5 in (), we obtain the following quadratic equation for b3
3\2 5 (P
(v°)° + Quv° — (5) = 0. (5.28)

Now solving the above equation, the solutions of v3 and u? read

3 ; ; 2 3 — ; VA
3 E ; 2 3 — ; A/

The signs before the radicals have been chosen so that the algebraic identity Q = —(u*+v?)
holds.
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We now define A as

24 (=) = 1 (27Q* + 4P%) = L D.q (5.30)

Q P
A= (= -
(2 3 108 108

where the discriminant D, o can be written in this form

4 o7 2 ,
Dyo= o (99 + S0 - 8) + (30— 4] (5.31)

Depending on the value of the discriminant, the cubic roots are distinguished as real
or complex. If D, < 0, there are two real roots, for D, o > 0 no real roots exist on
the positive real axis. For D, o = 0, we have a double zero on the real axis. To proceed

further, we observe that the discriminant can be factorized in the following form

Do = Q[0 = D)2 - Qe ()] (5.32)
where
127 9 1 3
(y) = 5‘@72—57—§(97+2)2 VY +2
1 27, 9 1 3
Qa(V) =557 57+ 5Or+2) VT2 . (5.33)

Now the function () is always negative for any positive value of . So the sign of the
discriminant solely depends on the value of Q..(y). If Q < Q. (), then D, o < 0 so that
B, q(z) has two real roots namely x; and x_ on the real positive axis. For Q = Q,.(7),
the two roots overlap into a single root at 2, = x_ = z,.. For Q > Q..(), there are no
roots of B, o(z) in the real positive axis.

Now for the horizon to exist, we therefore require to take Q < Q..(y) for which the two
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zeros on the real positive axis take the analytical forms

—1—2 2 —<P>cos © —l—g
T Ty 3 3) 73
2 P © Ar 2
— i, DY S (i — 4+ = - .34
x y+3 <3>cos<3+3>+3 (5.34)

Q

where © = arccos (_\/2(—13)3> Substituting P and @ in terms of v and  in x4, we
—(3

obtain an outer horizon r, and an inner horizon r_

_ 16 — 9(3y + 2)Q
ry =x,.GoM = 3 (1 + V4 — 3Q cos (3 cos™ ( \/W ))) GoM  (5.35)
1 16 — 9(3y + 2)0
(1— V4 — 3 cos (3 cos™ (

m) 5)) o

(5.36)

r_=x_GoM =

OO\I\D

These solutions are for general positive v for which Q < Q.(v). We shall work with
v = 2, for which the critical value is calculated from eq. (5.33) to be €, &~ 0.20. Now
taking the limit 2 — 0 in the above solution, we obtain the classical horizon where
ry =2GoM and r_ = 0. For v = 0, we have z. = 1 for Q2 = Q. = 1. From the definition

of €, the critical value for the mass is calculated in terms of €..(7), which reads

M) = [Q“)GO] " (5.37)

For = )., we have a double zero of f(r) on the positive real axis where r1 coincides

at ro. = xo,GoM. The explicit solution for 7. is given in [111].

5.3.1 Large mass expansion of r

We are mainly interested on the outer horizon r, to study the black hole thermodynamics.

We shall carry out a large mass expansion of x; upto O(£2?) which in turn would give
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the outer horizon r,. Starting with the classical horizon ry = 2GyM, that is, z, = 2,

the ansatz can be taken in the form [111]
Ty =2+ cQ+ 0%+ 0(Q%) . (5.38)

Substituting this form of ansatz for x; in B, o(x) and comparing equal powers of 2 and

0%, we can obtain ¢; and ¢, in the following form

Putting ¢; and ¢y in eq.(5.38), we get

x+:(2_i@+7ny<;@+qu+wﬂﬁ+om%). (5.40)

Substituting 2 in terms of the black hole mass M, the quantum corrected outer horizon

r, in the large mass expansion reads

_ B 2+mo  2+v)A+ye? 1
T+ = .T+GOM = 2GOM 4M 16G0M3 + O(G%ME)

). (5.41)

Note that the quantum corrected horizon r, is smaller than the classical horizon.

5.4 Heat capacity and entropy of the black hole

In this section, we will explore the thermodynamic quantities such as heat capacity and
entropy with general positive v in case of the quantum corrected Schwarzschild geometry.
For this we start with the general Bekenstein-Hawking temperature of black holes which

reads

%H:;fm). (5.42)
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Fig. 5.1 The quantum corrected Hawking temperature and specific heat vs mass of the black hole in
Planck unit.

Differentiating f(r) from eq.(5.21) at the outer horizon r,, the quantum corrected

Hawking temperature is given by [111]

| QO 290
Toy = ll— —7].

8TGoM 22 3

5.43
g (5.43)

Now for v = 0 and 2 = Q.. = 1, the black hole temperature is zero [111]. We also
observe that at 2 = Q.. = 1, the heat capacity also vanishes for v = 0. Using x, from
eq.(5.35) and converting € in terms of the mass of the black hole M, and using eq.(5.43),
one can obtain the Hawking temperature. The quantum corrected Hawking temperature
is plotted with the mass of the black hole M taking @ = 0.3 in Fig. (5.1a) for v = 0 and
v = 5. Note that we have set Go = 1 throughout all the plots. From (5.1a), we can infer

that for large mass black holes, the temperature almost coincides for v = 0 and v = 9/2

but when the mass of the black hole is small the temperature is relatively low for v = g
than v = 0. Another feature that is worthy to note is that the temperature of the black
hole vanishes for higher mass for v = % than v = 0. So the black hole critical mass or
the remnant mass is large for v = %. This can also be seen analytically by solving two

equations. The first one follows from the vanishing of the Hawking temperature of the
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black hole which takes zero value as it goes to critical mass and it reads
22— Qe — 2900, =0 . (5.44)

The second one is more general and follows from the vanishing of the lapse function at

the event horizon which from eq.(5.23) reads
28— 202 4 Qi + 70 = 0 (5.45)
Combining these two equations, we get
212 — 20T — 37 Qe = 0 . (5.46)

Solving this, we get the critical radius of the black hole in terms of €2, and v in the form

QCT

Loy =

[1 + 1+ gy] . (5.47)

As the horizon radius 7. = z..GoM which corresponds to double zero of f(r) is always
positive, x.,. should always be positive for all values for . Hence one needs to take the pos-

itive sign before the square root in eq.(5.47). Now substituting z., = - [1 +4/1+ %

in eq. (5.44), we get exactly the same value of ., in terms of v as in eq. (5.33).
Substituting eq.(5.40) in the exact form of Hawking temperature (eq.(5.43)), the large

mass expansion of Ty reads upto O(M )

Ton = gy |1 0+ - 552+ )2+ 39 + O]
— 87TG10M l1 — 94““(1 +7) (%) - 2;(2 +)(2 + 37) (%) - O(M—G)]

(5.48)

2
where in the second line of the equality we have used 2 = €., (1\]4\/[) . The above

expression for the temperature for large mass holds for any value of v. It is also
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reassuring to note that eq.(5.48) reduces to the appropriate expression in the limit v — 0
[111].

Next we define the heat capacity of the black hole which can be written identifying the
internal energy of the black hole with the its total mass M

dM ATpy\ ' (dTsy A2\
C pu— pu = D . 5-49
dTpn ( M ) ( a0 dM) (5.49)
Using eq.(5.43), the heat capacity can be written in terms of x, ()
StGoM?z2
C—_ oo Ty (5.50)

[402(3y + x4 )2y + @y (28 — 3Qz; — 670)]

where prime represents derivative with respect to €2. Next substituting x in terms of
and €2 from eq.(5.35) in eq.(5.50) where € is defined in eq.(5.24), we have plotted the
specific heat capacity against the mass of the balck hole for v = 0, %. In Fig. (5.1b),

the mass where the specific heat diverges is the same mass where %(Mw) = 0 in
Fig. (5.1a). The specific heat is negative for M > M., and goes to positive specific heat
between M., < M < M.,,. Another point to note is that at critical mass M., the specific
heat also vanishes for all v just like the black hole temperature.

The specific heat for large mass black hole for any value of v reads

3 5 9
C = —87GoM* [1+ (1 +7)0+ <32(2 +7)(2+37) + (1 —|—’y)2> 02 4 0(93)} .

(5.51)

In the limit M — oo, the specific heat approaches the classical value —87GyM? which
matches with the specific heat in the limit v — 0 [111].

We now proceed to calculate the entropy from the general law of thermodynamics
(%)V = % In the context of black hole thermodynamics, U is identified as the mass

of the balck hole M. The differential form of the black hole entropy is then given by

das 1
dM ~ Tgpm’
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This leads to
dM
S=[]—. (5.52)
Tu

Using x in terms of the black hole mass from eq.(5.35) and the black hole temperature

Tpy from eq.(5.43) in the above equation and solving it numerically, we obtain the result

plotted in Fig. (5.2). Next we calculate the black hole entropy for the large mass black

hole using the temperature from eq. (5.48) in the form

+7) n o3
M AGo M3

S = / [87TG0M+27@(1 ((2+7)(2+37)+2(1+7)2) +

O(M )| dM .

Integrating the above equation, the entropy upto O(M~*) reads

o

_ 2 ~

(@+7)@+37) +2(1+7)%) +

O(M~*) + S,

where Sy is the constant of integration.

(5.53)

(5.54)

We can determine the integration constant Sy by fixing S — 0 if M — M., since C' — 0.
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Then Sy gets evaluated to

el
8GoM2.

2(1+7)?) + O(M;") . (5.55)

Sy = —4rGoM? — 27 (1 + ) In M., + (24+7)(2 4+ 37)+

In terms of the horizon area of the black hole, the expression for the entropy takes the

form

Aclass

S =
4G

(Q+v)@2+3y) +20+7)%) +

ACCLSS 2~2G
—l—mD(l—l—’y)ln( : )— bl

167TG% Aclass
Sy +O(AL2.,) (5.56)

class

where A, is the area defined with the classical horizon radius given by Agqss =
4(2GoM)?%. The first term is the classical entropy which is recovered for the heavy mass
black hole. It is to be noted that the leading and subleading quantum correction terms
get affected by the value of v. The leading quantum correction term for entropy of the

black hole takes higher value for v = % than v = 0.

5.5 Black hole mass evaporation with time

If the ambient temperature is smaller than the the black hole temperature, the black
hole radiates off its energy increasing the temperature. As a result, the mass of the
black hole decreases for that case. Now from Fig. (5.1), one can see that the qualitative
nature of the Hawking temperature for large mass for v = 0, % is similar with the classical
behaviour. When the mass reaches as small as M,,, the quantum corrected temperature
takes the maximum value. After M,,, the temperature quickly reaches zero for mass M,,.
Now the massive quantum corrected black hole becomes continuously evaporating in-
creasing its temperature during the process. But the Hawking temperature unlike the

classical case can never exceed beyond Tgy(M,..). Now if one consider the loss of its

energy due to photon radiation, the Stefan-Boltzmann law can be employed to calculate
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Fig. 5.3 The mass is in units of Planck mass and the time is in units of characteristic time.

the mass loss as a function of time. It reads [142]

—d(f =0 A(M)T3y, (5.57)

where o is Stefan-Boltzmann constant and A(M) = 4nr? = 4rGgM?2? is the area of
the outer horizon. Substituting eq(s).(5.35, 5.43) in the above equation, we can recast it

in terms of z = Mﬂ
Pl

dz x2 Q 290
e P (5.58)
dt At a2 x5 T
where the characteristic time is defined as t., = x5z - Solving the above differential
0PI

equation numerically starting from some initial value x; (here x; = 10) upto M ~ M.,
the mass and the radiation rate as function of time are plotted for classical case (y =0
and @ = 0) and for v = 0,9/2 in Fig.(5.3). Here we have taken M close to M., for
solving the mass as a function of time, as Tgy vanishes at M,.. It is to be noted that
in Fig. (5.3b), the radiation rate decreases after M., and reaches to zero at M,,. As a
result the time diverges if the black hole mass goes to its critical value M, [111].

Next we proceed to calculate the approximate analytical result for the mass loss as a
function of time employing the Hawking temperature and outer horizon radius for the

large mass expansion. The rate at which the energy radiates is written upto O(€2) in the
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form

dz 1 (6+57) @
At tepa? 4 2

+0@)] . (5.59)

It is also to be noted that in the absence of the quantum effects, the mass evaporation

rate with respect to time reads (using the fact ;. = 2) [142, 160, 161]

dx 1
= _tch:EQ ) (5.60)

Solving this for initial value x; at ¢t = 0, yields the mass time relation for the classical

case

36\ /3
T = (x;” - th> : (5.61)

Hence the rate at which the black hole radiates is given in terms of time as

dx 1
== . (5.62)
dt 3 3t\%/3
ten (o = %)
The evaporation rate of mass indicates that it will stop at a time i = 127 and the rate

goes to infinity when the process stops for the classical black hole.
Next we proceed to carry out the above analysis for the quantum corrected black hole in
the large mass expansion limit using eq.(5.59). Solving the differential equation (5.59),

we get the solution for the mass of black hole upto O(w) in the following form

3¢ 36+500  3(6+5v)a 3¢\ 1/3 1/3
ch
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and the rate at which the black hole radiates is given by

dr 1
e @ @ 1/3]%/3
ten {—f’; 4 AEE g, SCENG (3 5t ]
6+ 57)c
x [1- (6 + 57)@ e (5.64)
4 [—fi a4 36, 360 (a;;?* - ti';) }

Note that this approximation is valid upto the mass M,, after which the quantum effect
dominates. From the rate of radiation one can conclude that the approximate time in

which the black hole evaporates is given (upto O(w)) by

t oz (6457w

It should be noted that the above results hold for any value of v lying between 0 and %.

5.6 Free energy and phase transition

In this section, we move on to study phase transition for the quantum corrected asymptot-
ically safe Schwarzschild black hole. It is known that stable thermodynamic equilibrium
cannot be established in asymptotically flat spacetime. For this we enclose the black hole
inside a finite concentric spherical cavity of radius R which is larger than the black hole
radius. The black hole within the cavity acts as a well defined thermodynamic canonical
ensemble. This cavity can play a similar role as the boundary of ADS space described in
[162, 163]. To proceed further, we need to calculate the local black hole temperature in
the cavity in order to obtain the local thermodynamic energy and heat capacity. The
local thermodynamic analysis in terms of Euclidean Einstein action is proposed by York
[164].

The local temperature T}, is defined on the surface of the cavity. The local temperature
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as seen by a local observer at R is written as [164-166]

,Tloc =

= : 5.66
S G [T — e 2 (%00

In Fig. (5.4a), we have plotted the local temperature vs the mass of the black hole taking
v = %, @ = 0.3 and for ordinary Schwarzschild black hole with R = 10. As R — oo, the
local temperature approaches Ty. Also one can observe from Fig. (5.4a) the existence
of local minimum at M = M} and a local maximum at M = Mg. We now call this
maximum temperature Ty, at Mg and minimum temperature 7, at M;. We can see
from Fig. (5.4a) that for the ordinary Schwarzschild black hole (where v = 0 and @ = 0)
inside a cavity of radius R, there exists a minimum temperature in the plot. Above this
temperature, there are two values for M for a given value of temperature. The black
hole solution does not exist below this minimum temperature, and the radiation state
(thermal AdS) prevails there. This nature exactly matches with the SAdS black hole
described in [162, 167].

The black hole geometry we are considering here exists for all possible temperatures.
From the plot we can observe that one black hole state is possible below the minimum
temperature T,,, we shall call it the “tiny black hole". Between T}, < T < T}, there
are three values of M which in turn implies that there are three horizon radii r,. For
temperature T' > T}, only one black hole state exists, we call it the “large black hole".
Interestingly, no radiation state exists unlike the ordinary Schwarschild black hole case
inside a cavity. We will again encounter these three black hole states once we calculate the
specific heat capacity. Now it is well known that in Hawking-Page phase transition which
occurs in SAdS black hole, if we increase the temperature, there is a phase transition
from the thermal AdS spacetime (radiation state) to the SAdS black hole after a certain
minimum temperature [162, 167]. In our case, if we increase the temperature, there is a

phase transition from one black hole state to another. So for all temperatures, the black



5.6 Free energy and phase transition 87

— =0,y=0 @=0.3, y=9/2 C\ 0cC

4000+

2000

38
N 0 L M
1 4 5
0.01 _2000 |
[ Mg My 1
o0 : B s . s -4000¢
M
(a) The local temperature vs the mass of (b) The local specific heat vs. the mass of the black hole
the black hole. (v=12)

Fig. 5.4 T}, and Cj,. with mass of the black hole for @ = 0.3 and R = 10.

hole state prevails instead of the radiation state. It means there is no Hawking-Page phase
transition here. We will again confirm this observation from the free energy calculation.
Next, using the first law of thermodynamics dE = T'dS, one can write down the local

thermodynamic energy as

M
Eloc = / ﬂocds
MC'V'

M 7}OC
= dM
M. Tpu

/M VRS + @Go(R +7GoM)
Mer [R3 — 2GoMR? + @Gy (R +4GoM)

dM (5.67)

where we have used eqgs.(5.52, 5.66). Integrating the above expression, we obtain the

form of Ej,. to be

£ VE+EGo(RirGoM)\/R3-2G MR +3Gy (R17GoM) _ 2GoR*(R*+aGoR)
loc = (57GZ—2GoR?) V@ G3(arG2—2GoR?) "
.11 ((\/®7G2—2GoR2\/R3+&Go(R+yGo M) B
x sinh ( N e Eioe(M) . (5.68)

Note that Ej,. goes to Ej,. = M — M., in the limit R — oco. This condition is expected
physically since for the quantum corrected black hole, there would be a critical mass,

and therefore the amount of energy that can be extracted out of the black hole would be
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(M — M,.). Now for @ = 0, the local energy goes to Ej,. = M in the limit R — oo as
M, =0.

To investigate the thermodynamic stability of the quantum corrected black hole, we now
calculate the local heat capacity Cj,.. This reads

aE’loc o aEﬁloc oM

CVOC -
: 0Troe  OM T3,

(5.69)

In Fig. (5.4b), the local specific heat is plotted as a function of M. It is well known that
the positive heat capacity ensures that the thermodynamic canonical system is in thermal
stability. But for the negative heat capacity the black hole radiates. In Fig.(5.4b), we
can observe three regions separated by discontinuity. The discontinuity or divergent
point corresponds to the extrema of the local temperature. For M > M, the specific
heat is positive which ensures that the balck hole is thermally stable within the cavity.
We call it large stable black hole (LSB). Between Mg < M < M, the negative specific
heat makes sure that the black hole will be in unstable state. This is called the small
unstable black hole (SUB). Another region is between M., < M < M, where the local
specific heat is again positive ensuring its thermal stability. We call it tiny stable black
hole(TSB). It is to be noted that the heat capacity vanishes at non-zero value of M
which is identical to the critical value M., calculated earlier.

With the above results in hand, we are now in a position to study the phase transition of
the quantum corrected Schwarzschild black hole. For that we calculate the on-shell free

energy of the black hole [164, 168]
Fon - Eloc - ﬂocs (570)

where Ej,., Tjoe are given in eqs.(5.66, 5.68)respectively. To calculate the free energy, We
have used the numerical solution of the entropy S using the eq.(5.52). It is plotted in
the Fig. (5.2).

In Fig. (5.5), we have shown F,, curves with Tj,. for v = g using @ = 0.3 and R = 10.

Before proceeding further, we need to define the radiation state or hot curved space
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(HCS). The on-shell free energy vanishes for radiation state (F,, = 0) for any arbitrary
Tioe- This occurs as Ej,. = 0, S = 0 for radiation state. In Fig. (5.5), the T}, axis
represents the on-shell free energy for radiation state as F,, = 0 on this axis. From
the plot we observe that the on-shell free energy of the radiation state is always larger
than the on-shell free energy of the black hole state. Hence, the radiation state is never
realizable.

Next we move on to discuss the phase transition between the three states of black hole,
namely, LSB, SUB and TSB by studying their free energy. From Fig. (5.5), one can
observe that there are two critical points, namely, T;; and 7,5 corresponding to the phase
transition from one black hole state to another.

When the temperature of the black hole (7},.) is less than T,,, that is, 0 < T} < T)p,
the on-shell free energy of the tiny stable black hole FT5 is negative. In this region
only one black hole state, that is, TSB exists. Between T,, < Tj,. < T.;, we have
FSUB < PLSB « pTSB Tt implies that the small, large black hole eventually decay into
the tiny black hole state when the temperature of the black hole is less than the critical
temperature T.,. For T,; < T},., the on-shell free energy of large black hole is less than
any of the state. Hence, one can conclude that below the critical temperature 7., the
tiny black hole state (T'SB) is more probable while above T.; the large black state is
the thermally stable state. Note that the quantum corrected black hole exhibits a first
order phase transition between tiny black hole to large black hole state since the first
derivative of the free energy does not exist at the transition point. In the temperature
region between T, < Tj,. < T.o where the three black hole exist, the on-shell free energy
satisfies F5UB < FTSB <« FLSB Here the small black hole has positive free energy so
it decays into either the TSB or LSB black hole state. At T.,, the small black hole has
zero free energy value. When T., < Tj,. < Ty, all three black hole states are in stable
state because all three have negative free energy. Though, the on-shell free energy of
the SUB and TSB are still larger than the LSB. Therefore, they undergo tunneling and
eventually decay into the LSB. Finally, for T" > T}, there is only one state of the black
hole possible, namely, the LSB.
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Fig. 5.5 On-shell free energy vs. the local temperature for v = %, w = 0.3 and R = 10.

Note that for ordinary Schwarzschild black hole [169] like SAds black hole [162], Hawking-
Page phase transition is possible which means that the radiation state prevails below a
critical temperature while the large black hole state is more probable than the radiation
state above this critical temperature. Remarkably, in quantum corrected Schwarzschild
black hole, there is no Hawking-Page phase transition as the black hole state always

prevails rather than a radition state.

5.7 Conclusions

In this chapter, we investigate the thermodynamics and phase transition of the renor-
malized group improved asymptotically safe Schwarzchild black hole. The method of
renormalization group improvement for gravitational constant has been used in order to
take into account the quantum gravitational effect into the spacetime. Here we first have
derived the analytical solution of the outer horizon and inner horizon ry using f(r) =0
for general v depending on the value of the discriminant. From the large mass expansion,
we have observed that the event horizon is smaller than the classical event horizon.

Next we have computed the exact result for the quantum corrected Hawking temperature,

specific heat and plotted it for v = 0, % Here we have seen that upto M,,, the Hawking
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temperature obeys the semi classical 1/M laws while the quantum effects are prominent
after the mass M., where the black hole temperature takes maximum value and reaches
Ty = 0 at M = M,, (the critical or remnant mass). The specific heat diverges at
M = M., and gets negative for M > M., but positive in between M. < M < M.,.
We have also calculated the Hawking temperature and specific heat for the large mass
expansion for general v. We then numerically computed and plotted the entropy of the
black hole for v = %, 0 and tried to report the differences in results for the different values
of 7. The area theorem is recovered along with the logarithmic correction. Interestingly,
the leading quantum correction term, that is, the logarithmic term gets bigger in the
presence of v. We further calculated and plotted the mass output and radiation rate with
numerically solving the mass loss equation. We have noticed after M., the radiation
rate decreases and vanishes at the critical mass. The infinitely distant observer sees that
the black hole reached its final state after an infinite time. We have also observed a
analytical picture of radiation rate and mass output upto @ order until the mass reaches
M.

We then moved on to investigate the phase transition and thermodynamic stability of the
black hole introducing the concept of a local observer. To do this, we first calculate the
local temperature, specific heat and the on-shell free energy for the quantum corrected
Schwarzschild black hole. It is observed from the specific heat that three possible states of
the black hole exist, namely, the large stable black hole (LSB), small unstable black hole
(SUB) and the tiny stable black hole (TSB). Here we also observed from the on-shell free
energy that the black hole state is always more stable than the radiation state. So it is
interesting to note that in quantum corrected Schwarzschild black hole, no Hawking-Page
transition takes place unlike the ordinary Schwarzschild black hole. It has been also
observed that there are two critical points, namely, T,; and T, corresponding to the

phase transition from one black hole state to another.



Chapter 6

HBAR entropy of an atom falling

into a quantum corrected black hole

6.1 Introduction

The fact that radiation is emitted when atoms fall into a black hole has been an important
area of research in recent times [71]. The foundations of this problem lie in the general
theory of relativity known to be the brain child of Albert Einstein [170]. The amazing
finding in the atoms falling into a black hole problem is that the acceleration radiation
emitted, despite having a different form to a distant observer, resembles Hawking radiation.
The entropy of this radiation has been termed as horizon brightened acceleration radiation
(HBAR) entropy [71]. Indeed, such a result throws light on the connection between black
hole physics and quantum optics [71, 171, 172]. The study also gave an insight into the
principle of equivalence in general relativity. Historically, this connection was preceded
by the link between gravitation, geometry and thermodynamics. The formulation of
black hole thermodynamics [4-7], discovery of Hawking radiation [6, 7], particle emission
from black holes [173-175], the Unruh effect [64], and acceleration radiation [65, 176-185]
reinforces this deep connection.

Quantum mechanics on the other hand has been another pillar of theoretical physics.

However, its unification with general relativity has proved to be a notorious problem. One
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of the main directions of research in theoretical physics has been to search for a unified
theory of quantum gravity [186-189]. An alternative approach to quantum gravity based
on the Asymptotic Safety (AS) idea has also attached a lot of interest in the recent past.
The formalism of AS in gravity is based on a scale dependent Effective Average Action
(EAA), which is covered in great length in chapter 2. EAA describes all gravitational
phenomena taking into account the effect of all loops [26, 47, 99, 111]. As a function of
this scale, the effective average action satisfies a renormalization group equation. This
then results in the flow of the Newton’s gravitational constant as a function of the scale.
An effective improved black hole solution was then obtained from the flow of the Newton’s

gravitational constant, whose metric reads [111]

ds* = —f(r)dt* + f(r)" 'dr® + r*d6? + r* sin® 0dp* (6.1)
where
iy =1 - 240N (62)

and G(r) in natural units reads

G(r) = lfggo (6.3)
where @ is a constant that involves the quantum gravity correction to the black hole
geometry coming from the renormalization group approach. (See section (5.3) of chapter
5 for a detailed discussion of this metric.) To simplify the algebra and get a clear
result, we utilised 7 = 0 in eq.(5.20) to obtain equation (6.3). Our plan in this work
is to consider atoms falling into this black hole which incorporates quantum gravity
corrections and draw conclusions from such a thought experiment. The aim is to look at
two important physical issues. First of all, we would like to get an equivalent insight on the
Einstein’s principle of equivalence. There were several attempts to provide an alternative

explanation of the equivalence principle [72, 190-195]. Such an insight was obtained

earlier in [193, 195] where the spontaneous excitation of a two-level atom in presence of a
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perfectly reflecting mirror in the generalized uncertainty principle framework was studied.
It was shown in [195] that when the mirror is accelerating, the spatial oscillation of the
probability of excitation of the atom gets modulated due to the generalized uncertainty
principle, thereby leading to an explicit violation of the equivalence principle. Now atom
falling into a black hole emits radiation which has exactly the same thermal spectrum,
as that radiated by a fixed atom near an accelerating mirror. This can be then thought
of as a different manifestation of the equivalence principle than the standard elevator
description. In this chapter (based on the work [46]), our goal is to look at the status of
this principle when an atom falls into a renormalization group “improved" black hole
spacetime. The second aim is to look for quantum gravity corrections in the HBAR
entropy and see whether they are logarithmic in nature similar to the corrections in the

Bekenstein-Hawking entropy [4-7, 196].

6.2 The quantum corrected black hole metric in

Rindler form

To begin our analysis, we start from the Minkowski metric in 141-dimensional form
ds* = dt* — dz* . (6.4)

For a particle moving with a constant proper acceleration ‘a’ in this flat spacetime, the

time and position coordinates in terms of the proper time 7 can be written as

t(r) = € sinh (CW) (6.5)

a C

2(1) = ¢ cosh (m) . (6.6)
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We shall now use the following coordinate transformations in eq.(6.4)

t = isinh(it) (6.7)
z= QCOSh(&Ct) : (6.8)

Using eq.(s)(6.7,6.8) in eq.(6.4), the form of the metric gets modified as

50\ 2

ds* = (ag) cAdi* — do? . (6.9)
c

Eq.(6.9) is said to be the Rindler form of the metric describing constant acceleration of a

particle. If we now compare eq.(6.7) with eq.(6.5), we see that the proper time of the

particle takes the form

QA
St

T=— (6.10)

Comparing eq.(6.8) with eq.(6.6), we get the form of the uniform acceleration of the

particle in Minkowski spacetime as

o= (6.11)

With this background, we shall now reduce the metric of the quantum corrected
Schwarzschild black hole in the Rindler form to obtain the uniform acceleration of
a freely falling particle close to the horizon. The horizons for the quantum corrected
Schwarzschild black hole can be determined by setting f(r) = 0 in eq.(6.2). The forms of

the outer and inner horizons read

r4+ = G()M + \/ G’g]\42 - (I)Go . (612)

In eq.(6.12), r and r_ denotes the outer and inner horizons of the black hole.

The outer horizon and f(r) upto order @ (considering @ to be small) in natural units are
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given by
~ 2G M — - (6.13)
A T oM '
2Go M 20G2M
fr) ~1— =2 wr;’ . (6.14)

We shall now carry out a near horizon expansion with respect to the outer horizon to
obtain the Rindler form. The near horizon expansion can be obtained by making a Taylor
series expansion of f(r) about the outer horizon r . Keeping terms upto first order in

the near horizon expansion parameter (r — r, ), we get

102 )+ =)D =) (6.15)

=74

where we have used f(r;) = 0. Using this expansion, we obtain the line element in

1 + 1-dimensions to be

ds* = f(r)c*dt* — f(r) tdr?

(6.16)
(r =) f(r )t —

(r— 7’+)f'(7“+)dr '

12

We now define a transformation of coordinates to obtain the Rindler form as follows

r—r4

0=2 f(ry)

. (6.17)

Using the above transformation in eq.(6.16), we obtain the Rindler form of the metric in

1 + 1-dimensions as follows

2 £12
ds? = Qf4(”>c2dt2 —do? . (6.18)

In section 5.2, this part for generic metric is specified with more detail. Here f'(r,) upto

order O(@) reads
B c? _ hoc?
- 2GoM  8GEM3

f'(ry) (6.19)
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Comparing eq.(6.9) with eq.(6.18), we get the uniform acceleration corresponding to

curves of constant ¢ upto linear order in @ as

c? c?
R
¢ 2 ey
o Iy ( T+) (6.20)
~ VI VT T
2\/r 2r
3

12

c2r

C GOM_ huc ( 3G0M>
vV QG()M?" rc? 8G0M2 '

We shall use this result in the subsequent section to check the validity of the Einstein’s

equivalence principle.

6.3 Atom falling into the quantum corrected black

hole

In this section, we shall calculate the probability of transition from the ground state
of a two-level atom falling into a quantum corrected Schwarzschild black hole to the
excited state along with the emission of a photon. We will denote the ground state and
the excited state by g and e. Before proceeding further, we note that in the quantum

corrected black hole geometry the atom trajectory is given by the following equations

() = _/ dr
VTt
1 2 s

_ 213 — oGor ' 21
GTE] <3T wGor > +C (6.21)

~
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dr
t(r)=—
") /f(r) 1—f(r)

7’% 7”% 1 Y 1
z—4G0M( + 3—i—an2G°M)
V2GoM g Jr
2C10-]\4 3(2GOM) 2 V2God +1
1 Vr
2GoM 1 -1
+ @Gy ( r2f2GoM  In 20N ) +C (6.22)
(r=2GoM) = 2(2GoM)7 o +1

where C' and C' are integration constants. For simplicity we shall set 2GoM = 1 during
the calculation of the excitation probability of the atom with simultaneous photon
emission. For a massless scalar photon with wave function ¥, the covariant Klein Gordon

equation is given as
1
vy

In the s—wave approximation eq.(6.23) takes the form

0a (V=99°705) W =0 . (6.23)

1 T f(r) d (rzf(r)dﬁ’(r)>:0 (6.24)

T(t) dt2  r2R(r)dr dr

where the wave function W(t,r) of the scalar photon is written as
U(t,r)=T(t)R(r) . (6.25)
The general solution of eq.(6.24) reads

U, (t,7) = exp l—mﬂ'y / ;Z:)] . (6.26)

In eq.(6.26), ‘v’ describes the photon frequency which is observed by an observer sitting
at infinity from the quantum corrected black hole. In this work, we follow the model in
[71] consisting of a mirror surrounding the black hole to shield Hawking radiation coming
out of it. This set up is identical to that of a Boulware vacuum [197]. Now defining an

A

operator ¢ = |g)(e|, the atom field interaction Hamiltonian can be written as

A

Hi(1) = hG[b, W, (t(7),r(7)) + H.c.|][(e ™ + H.c] . (6.27)
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In eq.(6.27), G is the atom-field coupling constant, b, is the annihilation operator of
the photon and w is the atomic frequency. With the simultaneous emission of a scalar

photon, the probability of excitation of the atom is given by

2
g,0—e,l — ﬁ ‘/dT<1V7€|HI(T)‘OV7g>

2

_ g2 /d,reiut(’r)—il/r* (T)eiw’r

_ g? /12% dr <dT> eil/t(r)—il/r*(r)eiwﬂr)
0 dr

~ G? /1 dr/r (1 + 4Mr2> T (1) et =)

2 (6.28)

2

where the forms of 7(r) and t(r) are given in eq.(s)(6.21,6.22). We will now make a
change of variables as follows

y="(rz—1) (6.29)

where @w > 1. Using eq.(6.29) in eq.(6.28), the form of P, .1 is obtained as

2 o0 . . 2
Prooer = 2 | dydgemieb izt (6.30)
w 0
where
w 3y -3
—(1+ 2 1+ 6.31
Ao <+4M<+2w> ) (6.31)
) S () (1 52)
—o(1+ )V i1+ 2V 1+
Aiy) (+2w> +3(+2 L =
3y y}
o[ (1+22) —1|+ 2! mphi+ Y
- nl(+2w) ]+2M{ {—{_2@
1
3 |
+21nl(1+23y)3 —1] + x } (6.32)
“ (1+22)° -1

Az (y) = ; (1 + 3y> _ e (1 + ?’y>;’ . (6.33)



6.3 Atom falling into the quantum corrected black hole 100

Simplify eq.(6.30), P, o1 upto linear order in @ reads

Ood T PR C U
/o y( +4M)y

. 2
o) (1 S (631

2

)

P, 0—e,l ~
9, ) wz

We now make another change of coordinates as follows

z:y<1—|—3—|—4]~w(1—z>>. (6.35)

Using the above coordinate transformation in eq.(6.34), we get

G? (1+ﬁw+3y

w2 1+ 3”
)
zm w
N47r92 (1 + mgg;) 1 (6.36)
w? (1 + %)2 et (itair) — 1 '
The absorption probability on the other hand is given by
ol R i Cee= ) L . (6.37)
T =) et

It can be observed that for a very high photon frequency, the excitation probability
becomes considerably smaller. The atomic frequency is considerably higher and in our
case we consider @ > v. With dimensional reconstruction and considering the case when
atomic frequency is substantially higher than the emitted photon frequency, we obtain

the excitation probability to be

47rg2 (QGOM + 2])3[302) 1

P,y ~
,0—e,1
g w?

(6.38)

2GogM h&
e4mj< 3 Jr2Mc2) -1
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Now for the mirror-atom system [71, 193], the excitation probability for the case when

the mirror is accelerating with respect to the fixed atom, reads

pAM 4rG%ve 1

g,0—e,1 = an 627;0/ . 1 <639)

where v is the local photon frequency in the reference frame of mirror at Rindler space.
It is observed in [71] that the Einstein principle of equivalence holds for the case of a
Schwarzschild black hole. In this work, we shall check its status for the quantum corrected
Schwarzschild black hole. At first we replace v by v, (photon frequency observed by
a distant observer) in eq.(6.38) to differentiate it from the local photon frequency at
Rindler space in (6.39). Now the relation between local frequency v and v, in quantum
corrected Schwarzschild black hole space is connected by the gravitational red-shift factor

as

y = 2 Voo 20/ (r—ry) f(ry 6.40
o V=1 f(ry) (6.40)

where we have substituted f(r) from eq.(6.15) to obtain the analytical form of v.,. From

the first line of eq.(6.20) we can write

2

, c
= y\/(r —r ) f(ry) = Voo = Vf (r+)% (6.41)
o, LCZ c? B hac?
0 2a |2GoM  8GEM3

where we have used eq.(6.19) to replace f’(r,) in the last line of the above equation with
proper dimensional reconstruction. For a distant observer the excitation probability in

eq.(6.38) takes the following form

2 2Go M h&
 nG (4B + 5ifa) ! (6.42)
= 2 1 2GoM | ho :
V=Voo w e m’°°( 3 +2Mc2) —1
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where
2GoM ho ve? c? hvc?
e < a 2M02) " 2a [QGOM - SG(Q)MJ
:;7(; (1+0@@?) = ;*ac

Using relation (6.43) in eq.(6.42), we obtain the probability as follows

21G2ve 1
p— 219

(6.44)

2 2mcy

aw ea—l.

The excitation probability in eq.(6.44) is identical to eq.(6.39) upto a constant factor.
This particular insight into the equivalence principle has a very subtle difference than
the usual description of the equivalence principle using the elevator description. In the
case of the accelerating mirror, the normal modes of the fields get modified and for the
freely falling atom the gravitational field of the black hole is responsible for the same
effect. What we observe interestingly is that the emitted radiation is identical for the two
cases. This implies that the effect of the mirror acceleration and that of gravitational
field is same on the atom. This result indicates that the aforementioned description of
the equivalence principle holds exactly in case of this renormalization group improved
Schwarzschild black hole as well.

The absorption probability in eq.(6.37) for @ > v reads

2 2GoM hd
-~ 47Tg V( c3 + 2MC2) 1
e,0—g,1 ~ 2 2GgM ho :
w 1— 6747”/( 3 +2Mc2)

(6.45)

In the next section, we shall use this result to compute the HBAR entropy.
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6.4 Atom falling into a generic black hole spacetime

The previous sections dealt with the case of a quantum corrected black hole. We will
now consider a generic black hole geometry with lapse function f(r) having an event

horizon at r,. The excitation probability is given as follows

2 T+d dr iwt(r)—ivrs(r) JiwT(r) ’
Pir, =G g r—re e
_g? mdril | i 1
(6.46)
Vi- f ()
w—,rfm

We have used the form of 7(r), t(r) and r.(r) to obtain the form in the above line of
eq.(6.46).Using the near horizon expansion of f(r) from eq.(6.15) in the above equation,

we obtain the following expression for the excitation probability

fil/f dr
© e (r=r ) f (1) /1=(r=r ) F (ry)
Prr, =G / dr
\/1 —(r—ry)f'(ry)
o [ S—
Wf =) ) 'r+)f e / \ 1=(r=r ) f (ry)
(6.47)
7 (V)
=G? / dr
\/1 —(r— 7"+ f(ry)
% ef?(i’z) I—=(r—ry)f’ (7"+)
We will now make a change of variables as follows
r—ry= L (6.48)

where f'(r,), v,k < w (in natural units).

Using the above change in variables from eq.(6.48) in eq.(6.47), we obtain the following
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form of the excitation probability

g2

Prr, =

[ an (14 2 ) )
0 2w

2

2iw (17% I(TJr))

X efl('r+>

. ) . (6.49)
= ol [ (1 g ) TR
Gy <<1 'y, f’2(7’+)> 1

f(ry)w? w 402 ef’4(7;y+) 1

As v, f'(ry) < w (in natural units), the probability can be recast in the following form

= 4mv . (650)
flro)@® 765 _

We can again recast the probability in terms of v, as follows (as was done earlier in

eq.(6.42))

Voo

Cf(ry)w? eﬁ'm) -1

4n G [r =) f(ry) |
N f(ry)=? Y e B (6.51)

e f/("'+> — 1

Using eq.(6.41) in eq.(6.51), we get the following form of the probability

47G? (£ f'(r4) 1
f,T'+ == f/(/r‘ )w2 47"<ﬁfl(7‘+))
! e 04 —1 (6.52)
_27rg2u 1
N ato? e%;Ty —1 .

With proper dimensional reconstruction, eq.(6.52) can be rewritten as follows

Pf,r+ = Zrve . (653)
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Hence, following the same arguments after eq.(6.44), we can conclude that the equivalence

principle holds for a generic black hole spacetime.

6.5 Modified HBAR entropy

The term horizon brightened acceleration radiation entropy (HBAR entropy) was first
introduced in [71]. In this section we will calculate the HBAR entropy for the quantum
corrected black hole background. We are considering a case when two-level atoms with
transition frequency w are falling into the event horizon of the black hole at a rate k.
In this work we have used the quantum statistical approach to determine the entropy
and hence we have used the density matrix formalism. If the microscopic change in the
field density matrix is dp, for one atom then the overall macroscopic change in the field

density matrix for AN atoms is given by [71]

Ap=> bp.=ANdp (6.54)
where
AN

Putting AN in eq.(6.55), we obtain

— = Kdp . (6.56)

We now use the Lindblad master equation for the density matrix given by

r
dp =_ —abs (prb +blbp — 2bpr)
dt . (6.57)
. exc -I— 1— . -i—
; (pbbf + bbtp — 257 pb)

where ¢, is the excitation rate and I, is the absorption rate given by 'eze/abs = K Pexc/abs

with P.;c/qs being given by eq.(s)(6.36,6.37). Taking the expectation of eq.(6.57) with
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respect to some arbitrary state |n), we obtain

pn,n = - Fabs (npn,n - (n + 1>pn+1,n+1>
(6.58)

- 1—‘eacc ((n + 1)pn,n - npn—l,n—l) .

The steady state solution is now used to obtain the HBAR entropy. So we set py, = 0

in eq.(6.58) and for n = 0 we obtain the relation between p; ; and pg o as follows

F@.’,UC
Fabs

P11 = £0,0 - (659)

Repeating this procedure, we finally obtain

FEIC "
b = (rabs) g (6.60)

To obtain pg o in the above relation, we use the condition Tr(p) = 1. This gives

ann—l — pOOZ( €IC>

abs
FC.TC

:>/70,0=1—Fb :

(6.61)

Using po from the above equation in eq.(6.60), we obtain the steady state solution of

T " T
S exc exc
P = | =— 1-— 6.62
e (I abs ) ( I abs > ( )

where % is given by (in the approximation w > v)

the density matrix to be

Fewc hio bv 747”/( Ry _hi )
~ |1 — M2/ .
o <-+RMbw>e a (6.63)

Here, R = 2GM . The von-Neumann entropy for the system is given by
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and the rate of change of entropy due to the generation of real photons is obtained as

:—k:Bann n(ppn) - (6.65)

The rate of change of the entropy, using the steady state density matrix solution, is given

as

Using the form of the density matrix pin in eq.(6.62), we obtain

R héo .
S =4rkpg < + 2M02> Z <§n: npn7n> v
hw 51/]

— kg (; npn7n> In [1 + e o

heo Shwkp

R,
ks < 2M 2) 2 e

In eq.(6.67), 1, is the flux due to photons from the atoms freely falling in the black hole

(6.67)

and the total rate of energy loss due to emitted photons is A Y n,v = my,c?. The black

hole area in our case is given by

AQbh = 471'7"%r

167GEM? 87haGly (6.68)
- ct 3
Taking time derivative of the both sides in eq.(6.68), we get
: 32rGEM M
Aqon = 6704 (6.69)

where M = 1My + Matom. We now define the rate of change in the black hole area due to

emitting photons as follows
i 32 GE M,
ct '

P

(6.70)



6.6 Conclusion 108

From these results we can infer that when no atoms are falling in the black hole, then A,
should be equivalent to the area of the black hole and Ag,,, should be zero. A better way
to understand the above result is as follows. Before the atom crosses the black hole event
horizon, that is, before the atom contributes to the black hole mass, the freely falling
atom emits HBAR radiation. Therefore, one can separate in time the change of the black
hole entropy associated with HBAR radiation from an atom and that associated with
that atom’s mass.

The final form of Sp in terms of A, can therefore be written as

N kgcd . d 10@\/%ch£ <A5>

A, +arkp—(InA,) + P

o dt w dt

? ARG,
_i k;Bc3
~dt \4hG,

(6.71)

10w 1
A, + Okl A, 4 S0VTHEC - ) .
w

We find that the horizon brightened acceleration radiation entropy for the case of a
simple Schwarzschild black hole [71] gets modified with the time derivatives of a log
term and an inverse square root term due to quantum gravity corrections introduced
in the Schwarzschild black hole. This indicates that logarithmic corrections also appear
in HBAR entropy just as it appears in usual Bekenstein-Hawking black hole entropy
[4-7, 196].

6.6 Conclusion

In this work we have considered the case of a two-level atom freely falling near the
outer horizon of a renormalization group improved Schwarzschild black hole. The entire
system is analysed by considering that the outer horizon of the black hole is surrounded
with a mirror to prevent infalling atoms from interacting with the Hawking radiation.
Further, the mirror ensures that the initial state of the field appears vacuum-like in the
reference frame of the external observer. Our investigation in this context involved the
computation of the atom-field excitation probability and the calculation of the rate of

change of the horizon brightened acceleration radiation entropy or the HBAR entropy.
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The excitation probability obtained in this work involves a Planck like factor indicating
emission of real photons in the virtual process. Interestingly, we find that even with
quantum gravity corrections, the Einstein equivalence principle holds indicating that
the principle may be a fundamental reality even in a quantum gravity setting. We
then extended this calculation for a generic black hole metric and observed that the
equivalence principle holds in a general setting as well. For the next part of the work
we have calculated the HBAR entropy using the quantum optics approach [71] and we
have observed that the HBAR entropy has a Bekenstein-Hawking like entropy term along
with a logarithmic and inverse square root quantum gravity term. The nature of the
corrections appearing in the HBAR entropy are remarkably the same as those obtained

in case of usual Bekenstein-Hawking entropy of a black hole.



Chapter 7

Conclusions

The quest for a theory of quantum gravity was hampered by the non-renomalizable
nature of gravity, but in recent years, the use of functional renormalization group (FRG)
techniques has permitted a thorough exploration of gravity. As discussed, the asymptotic
safety scenario for quantum gravity is a viable conjecture to build a consistent and
predictive quantum theory for the gravitational interaction since the non-Gaussian fixed
point (NGFP) makes it safe in ultraviolet regime. In this thesis, we have extensively used
renormalization group (RG) approaches in cosmology to examine the behaviour of the
standard Einstein equations in the late universe and to investigate the thermodynamics
of black holes.

Effective Average Action (EAA), which is the fundamental idea underlying modern Func-
tional Renormalization Group (FRG) approaches, was first described in chapter 2 for the
basic scalar field theory. Our attention next turned to the gravitational renormalization
group flow projected onto the Einstein-Hilbert subspace, from which the beta functions
for the cosmological constant and Newton’s coupling are deduced. In order to find the
next-to-leading order solution of the cosmological constant A and the Newton’s constant
G, the flow equations at the infrared regime are finally solved.

In this formalism of the exact renormalization group flow of the effective average action
for gravity, we investigated cosmology for the anisotropic Bianchi type-I and FLRW

universe at late times while accounting for quantum gravitational corrections. Firstly,
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having included the higher powers of 1/t in the expression for the infrared cutoff scale k,
the anisotropic Bianchi-I cosmology is carried out extensively in the consistency equation
approach. This approach calls for the covariant conservation of the energy momentum
tensor along with the covariant conservation of the right hand side of Einstein equation,
which in turn supplied with an ordinary continuity equation and a consistency condition
incorporating quantum corrections. Then, we examined how the flow of anisotropic
Bianchi-I cosmology is impacted by quantum gravitational effects for known matter such
as dust, radiation, and stiff matter by improving the Einstein solution with the quantum
corrected G and A. The consistency condition resulting from Einstein equations show
that the Bianchi-I anisotropic cosmic universe gradually evolves into a FLRW universe
at later times for 0 < Q < 1 if a perfect fluid with an equation of state p = ()p is present.
Radiation is one example of this. We discover that the FLRW isotropic universe does
not necessarily flow from the Bianchi-I universe for dust (2 = 0). We determine a bound
on the cut off parameter £ for stiff matter (2 = 1) that guarantees Bianchi-I universe
flows to the isotropic FLRW universe at late times if £2 equals its maximum value, but
not otherwise. Additionally, we discover that there is a chance of obtaining a Kasner-like
solution in this scenario.

We then discuss the impact of this scale dependency on the FLRW universe accounting
quantum gravitational correction as before, specifically how the scale factor behaves over
time when utilising various infrared cut-off scales in the context of a modified continuity
equation approach. The modified continuity approach differs from the prior one in that,
unlike the consistency equation approach, it only requires the covariant conservation of
the right hand side of the Einstein equation. For the cut off choice k = %, we note that
an O(1/t) term that was absent from the consistency equation approach, arises in the
quantum correction of the scale factor. We also estimated the rate at which entropy is
produced for this particular cut-off and found that it receives a time-dependent quantum
correction at O(1/t?) for radiation assuming very small non-adiabiticity. We looked
at two other cut-off scale options, namely, k = ¢H i ,and k = «vH since it’s possible

that they have a simpler functional relationship with the Hubble parameter than with



112

cosmological time. One of the primary discoveries in that chapter is the time evolution
of the scale factors with these cut-off choices.

We then move to investigate the thermodynamics and phase transition of the renor-
malized group improved asymptotically safe Schwarzchild black hole taking the quan-
tum corrections by improving solutions of the classical Einstein equation. Identifying
G(r) = G(k = k(r)), we investigated several thermodynamic quantities with the generic
parameter v for the quantum corrected Schwarzschild metric, such as the Hawking
temperature, specific heat, and entropy. We have noticed that the coefficient of the
leading quantum correction, namely, the logarithmic correction gets affected by the
presence of 7. Once the black hole has decreased its mass to M = M., we observe how
the vanishing temperature of the critical black hole causes the evaporation process to end.
This provides support to the notion that a cold remnant represents the evaporation’s final
state. By calculating the on-shell free energy, we discovered that the quantum corrected
Schwarzschild black hole maintained in a concentric spherical cavity never undergoes
a Hawking-Page phase transition because the black hole state always prevails for all
temperatures. It stands in sharp contrast to the typical Schwarzschild black hole scenario
contained in a cavity, where the Hawking-Page phase transition occurs. This observation
suggests that the first order phase transition is avoided by the quantum corrected black
hole.

Finally, we looked at a two-level atom that was falling freely close to the outer horizon
of quantum improved Schwarzschild black hole. Interestingly, the Einstein equivalence
principle is found to stay true even with quantum gravity corrections, suggesting that the
principle may be a fundamental fact even in a quantum gravity scenario. We have also
studied the horizon brightening acceleration radiation entropy (HBAR entropy) and found
that it contains a Bekenstein-Hawking-like entropy term in addition to a logarithmic and
inverse-square-root quantum gravity term. The HBAR entropy corrections are strikingly
similar in kind to those found for the standard Bekenstein-Hawking entropy of a black

hole.
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